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Abstract—This paper investigates the problem of blindly acquiring the Ha

channel gains for a synchronized multiuser system using the expectation 1
maximization (EM) algorithm. The EM algorithm takes advantage of the X @

finite alphabet property of the transmitted signal. It also provides MMSE "
estimates of the transmitted data that can be used by the receiver for de- 2
coding purposes. The algorithm has been applied to a multicarrier system % N
and results show that the application of EM in the high SNR case provides %
significant improvement over traditional channel estimation techniques. Hg/é—
Y
Xs%
I. INTRODUCTION .
Traditionally, channel estimation has been done by periodi- e
cally sending training sequences through the channel. A new
technique that both reduces the amount of training needed and X, —
finds the maximum likelihood (ML) estimate of the channel in . o _
the high SNR case is proposed. Fig. 1. Multiple input, single output system

. This paper consider_s the problem of channel ider_ltificatici)lq the frequency domain on each tone. In [2], it was shown
n an I.SI (mtersymbo] mterferenqe) free communlcat.|ons. SY®iat in order to acquire an exact estimate of the channel, at least
tem with K* synchronized transmitters. Each transmits digitakiog, 1 g\ algorithms need to be run in parallelis the num-

signals at ttr:el samea'Elme ar;]d n the E.ami t;?ngmdtth ustlhng § of taps of the channel arid denotes the ceiling operator.

san|1e sym fo Ft)ﬁr!?h , as sﬂ(])wn Itn tlg.ttﬁ j denotes e o algorithm is able to exploit the finite alphabet property and
scaiar gain for thgth user. The output at Ine recever IS a Sy q yisyripytion of the transmitted signals. It acts on blocks
perposition of signal waveforms plug additive .Wh.'te Qauss!%q data in which the channel is assumed to remain stationary.
hoise. An example of such system is fransmission in a WITSF constant. This assumption is valid in the wireline scenario

less system from the base stations to the mobile where a d also holds for high data rate wireless applications. This

rowband _S|gnal 1S transmitted through an “_”"”OWU m_ul'upaF not true in general. The validity should be checked against
propagation environment. Another example is the wireline cai1

. . ) i & value of the Doppler bandwidi®y,, of the multipath chan-
where the central office employing Discrete Multitone (DMT I, If one takes a block of lengthcontainingG time samples
modulation wishes to find the crosstalk coupling functions Qaced at time interval.. then the multipath channel can be
synchronized remote units. >

L . . idered block stati BpLGTs; .01.
We apply a training-aided EM (Expectation ME;\lelzatlongOnSI ered block stationary Bp LGT; < 0.0

algorithm to a multicarrier system, which has no ISI. Train- previous applications of the EM algorithm for the Single In-
ing data provides the initial condition for EM. The principleput Single Output (SISO) case include [3], [4], [5], [6], [7], [8],

behind multicarrier modulation (MCM) is to superimpose seYg]  terative solutions that exploit the finite alphabet property
eral carrier-modulated waveforms in parallel subchannels [Ehye been found in [10], [11]. In addition, the cyclic prefix in-
A MISO (Multiple Input, Single Output) system consists of §ormation is used in [12] while precoding the input to acquire

single modem or antenna which receives signals from multiglgannel estimates for the SISO case is done in [13]. Here we
sources. In a MISO system employing MCM, each user mugi|ye the finite alphabet MISO case.

have a long enough cyclic prefix so that data is transmitted on

orthogonal subchannels. On each subchahnttle received  This paper is organized as follows. Section Il describes the
subsymbol can be written a3(1) = Ele H;()X;()+N (1), system model. Section lll describes a typical channel estima-
whereH; (1) is the subchannel gain on tffih tone for thejth  tion procedure with training data available. Section IV intro-
user,X; (1) is the transmitted signal for thigh user, andV(l) duces and solves the EM formulation when the transmitted data
is the noise (assumed to be block-stationary Gaussian noigghot available at the receiver. Section V provides simulation
Each subchannel looks like Fig. 1. results that compare training only with EM and Section VI pro-

For the system described above, the EM algorithm is applieitles concluding remarks.



e diag(H,(0), H;(1),... ,H;(P — 1)). If Y = Qy andx; =

N T I RS oA N N T
B | o] ] S8 ] e ] oo | Q"X;, whereY = [Y(0)Y(1)... Y(P - 1)]" andX; =
X, | xp | Prefix filter [XJ (0) XJ(]_) - XJ (P — ].)]T, then

Output
bit stream | Memoryless
R bits/s decoder

X
A Y() =Y HyO)X;()+N(@) 1=0,1,...,P-1 (4)

and N
b bit buffer AID j=1

whereH, (1) is thelth subchannel gain for thgh user,X; (1)

Fig. 2. Multicarrier System . .
9 Y is the transmitted symbol on tlith subchannel for th¢th user,

Il. SYSTEM MODEL andN (1) is assumed to be zero mean white Gaussian noise.
I|_1 a mulucarner modulation system, each user Ioad_s datgy| CHANNEL GAIN AND NOISE VARIANCE ESTIMATES
as in Fig. 2, by means of an IDFT onto each subcarrier. A USING TRAINING SEQUENCE

cyclic prefix is appended to make the transmit signal appear . .

periodic. This prefix is necessary to maintain orthogonality of DU to the subchannel orthogonality, training and EM analy-
the subchannels and to prevent intersymbol interference (ISH§ in Sections il and IV apply for each tone, allowifigto be

We assume thak synchronized users are transmitting at thgeglected. From now on, the superscriglenotes time. With
same time with the same symbol period. Over one block the aid of training, the channel gains on each tone can be easily

data transmission, the channel output in the time domain c&ffiuired. If for each tone or subchannel, we collegt sam-
be written as ples and form the column vectdf = [V, V2, ... YL ]T we

can write (4) as
K
y(t) =D hi(t) xa;(t) + n(t) @) Y = YH+ N )
j=1
_ 1y?2 LT n _ n n n 1T
wherex denotes convolution, antd (¢) is the sampled impuIseWhe_reX = XX "]-"X ] ’_X n [)2(1 X3 ’L'"TXK] "
response of the channel corresponding to ftreuser. We H = [H\H,... He]', andN = [N7, N%,... Noo]7 X
P resp gtof ' .c?nsists of training data frorA users at timex. We assume
assume that all the channel impulse responses to be of fiiie

. h&t the noiseN is white, zero-mean Gaussian with covari-
length less than or equal to LetH; be the matrix representa- S, ) : . . .
: ; o ance matrixo”I, wherel is the identity matrix. The maxi-
tion of this block transmission so that

mum likelihood estimate of the paramet&fsando? is given

K by (Hur, 0%, ) = argmax f(Y|H, %, X), where
y=)Y Hjx;+n @) )
= FY|H, 0%, X) = ——es x
T T (2mo2)Ler 6
wherex; = [z;(0)...z;(P— 1|7,y = [y(0)...y(P - 1)]T, . (6)
andn = [n(0) ...n(P — 1)]T are the block of” data symbols exp {—2—2(Y - XH)T(Y - XH)}.
g

for the jth user, the block of received symbols and block of

P additive white Gaussian noise samples. The notgti$h |f " has full column rank, then it can be easily shown that the

denotes the transpose operation. maximum-likelihood (ML) estimate o is given by the least
Assuming the firstz symbols ofx; form the cyclic prefix squares solution

that is added to the transmitted data block, fh& P channel

matrix is given by Hy = XTx)"txTy. (7)
[ hj(0) 0 - hy(v) -+ hj(1) 1 The errorin this estimate, denoteddy- H,;7, — H, is a zero
: hi(0) 0 0 e h(2) mean Gaussian process with covariance givemigyy” ')~
a a The complexity of (7) is of orde®(L;,K?). We can also ob-
2. = hj(v) : : tain a ML estimate of the noise variance by computing
=
hi(v) 1
! P = 7= (Y = YHus)"(Y = ¥Hu) ()
; ; . tr
L0 0 - i) (1) hy(0) | _ o
J J J 3) Note that when(x7x)~! = #[Xz] this estimate has ex-

pected value equal 0 (1 — %). This estimate of the noise
The eigenvalue decomposition 6{; is given by ; = variance, along with the channel gains, can be used as initial
Q*A;Q where Q and * are the FFT and IFFT ma- conditions for the Expectation Maximization Algorithm de-
trices, and A; is a diagonal matrix. A; is given by scribed in the next section.



IV. EXPECTATION MAXIMIZATION ALGORITHM At iteration timek + 1, the function in (11) is maximized by

) ) ) ] setting the gradieW g Q(H, Hy) to 0,
In this section, the equiprobable input symbols belong to a

finite alphabet and are considered unknown. The EM algo- L

rithm [14], [15] is one way of acquiring maximum likelihood VeQ(H,H) =" E[Vulog fz(Z";H)[Y,H] = 0.
(ML) estimates when evaluation of the likelihood is made dif- n=1

ficult by the absence of certain data. The EM algorithm first (12)

finds its objective function, the conditional expectation of thenis hecomes an iterative procedure in which the root found at
joint log-likelihood, using the current estimate of the paramgaationt + 1 takes the place di;, and the root is found again
ters. The maximization step then provides a new estimate of {hi&;| 5 stationary point is reached (iH., ~ Hy ). The pdf
parameters by maximizing this new objective function. Thist the complete datg,(Z”; H) can be derived using Bayes
process is repeated until convergence is achieved. The initjile 55

ization of EM is provided by using a training sequence.

The subscript will now denote the iteration number. Fora  fz(Y", X" H) = fy;x a(Y"|X"; H) fx(X")  (13)

given set of observationis', Y2, ... , YL, itis desirable to find where
H such that the likelihood (H) = []%_, fy(Y"; H) is max-
imized. For each tone, white noise and a block stationary chan- frxa(Y™X"H) = 1 e,% (14)

nel are assumed. For simplicity, it is assumed that each user V2mwo?
transmits from anV/ point constellation. In Subsection IV-A n 1 , L

we apply the EM algorithm to the case where the noise val ndfx (X") = g7, whereM is the constellation size. There-
ances? is known for the duration of the block length while in ore,

Subsection IV-B, we apply the EM algorithm to the case where Vullog fz(Y", X" H)| =

the noise variance is unknown as well. 1

~ 552

rUsing (15) in (12) and solving foH, the update equation for
the channel gains becomes

—2Y"X" 4+ 2X"(X")TH).  (15)

A. EM Algorithm for Channel Gain Estimation with Know
Noise Variance

Using the notation found in [15], let the complete data L -1
be denoted byz" = (Y™,X") and form the vectorg = ; _ rm— T
(Zz4,2%,...Z%), Y = (YLY?,...YE). The objective Hip = | D XX > YIXT (16)
function islog L(H) = log fy(Y;H) = log fz(Z;H) —
log fz)y (Z|Y;H). fz(Z;H) denotes the pdf o givenH. Xn = p[x»|y" H;] andX"X»T = E[X"X"7|y", Hy).
From the definition of complete data [15] and Bayes rule, oggyuation (16) is equivalent to

can writefzy (Z|Y; H) = %YII{{)) SinceZ is unobservable,

n=1 n=1

- 7157
log fz(Z; H) is replaced with its conditional expectation given Hpp = (XTX)7'XY 17)
Y, andH with H;, (k denotes the iteration number). The new — - _
objective function is where Y1X = E[X"X|Y,Hi] and ¥ = E[X]Y, Hy].
Equation (17) is the EM equivalent of (7). provides the min-
_ ) imum mean-squared error estimate of the data sequence based
Ellog LH)|Y, Hy] = Ellog f2(Z; H)|Y, Hy] on the observations and can be used by the receiver to acquire
—E[log fzv(Z]Y; H)|Y, Hy]. (9)  soft estimates of the transmitted symbols. The expected value
is taken overfxy,g, which can be easily found using Bayes
This can be rewritten as rule. For example,
_ Y™ |x, Hy,
Ellog L(ED|Y, Hy] = Q(HL Hy) - R(ELHy),  (10) X = xcoXhpxnlTboHy) g

Y oxeo frix,a(Y|x, Hy)

whereQ(H, Hy,) = Ellog fz(Z; H)|Y, Hi] andR(H, Hy) = \yhere the sum is taken over @l X possible combinations.
Eflog fz)y (Z|Y; H)[Y, H;]. By Jensen's inequality, it can beThe complexity of this update equation is dominated by the
shown thatk(Hy, Hy) > R(H, Hy) for any H [15]. To in-  computation of*7X, which is of orderO(LK2MX). For
crease the objective function, it suffices to plfk,, such that each element in thd x K matrix X7 X"T. the condi-
Q(Hy1, Hi) > Q(H, Hy) for all H. Thus, our objective is tional expectation is computed by summing ovéf< points.

to maximize This can be compared to ML, which has complexity of order

O(LK*M¥L). This is due to the computation of (7) for all
Q(H,Hy) = Eflog fz(Z; H)[Y, Hy]. (11) KT possible values ot




B. EM Algorithm for Channel Gain and Noise Variance high noise variance region and consequently reduce the MSE
The problem is cast in a similar fashion as above with tHa the eshmatg oF .HThe EM algontrrir; S i%ﬁ’p'”g criterion is
same complete and incomplete data. The results from the preshosen to bél"lrﬁ—k_u’”” < 0.005 and—*t5— < 0.005. The

ous section apply except that is replaced by 7, where again number of iterations needed for convergkence is shown in Fig. 5.
k denotes the iteration number. The updates on channel gatesy iterations (1-2) are needed in the low noise variance case.
and noise variance are done alternatively until convergenceFig. 6 shows the probability of making a symbol error when
achieved. The channel update equation becomes trying to decode both users using the soft informafitjit’| Y]
. . acquired from the EM algorithm.

Hi = (XTX) XY (19)

VI. CONCLUSIONS
whereX "X = E[XTX|Y, Hy, of] andX = E[X|Y,Hy,07].  Through training and the EM algorithm, this paper finds ac-
To getthe noise variance update equation, we need to maxinigate channel estimates as well as soft information for the re-
the log likelihood with respect to”. Taking the derivative of cejver so that all transmitters’ data can be decoded simultane-
the log likelihood, ously. In the low noise variance case, the EM algorithm is also
1 (Yn — HTX")? able to significantly refine the channel gain and noise estimates

Vzllog fz (Y™, X" H)| = ~552 + By E— found from training.
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