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Abstract—This paper investigates the problem of blindly acquiring the
channel gains for a synchronized multiuser system using the expectation
maximization (EM) algorithm. The EM algorithm takes advantage of the
finite alphabet property of the transmitted signal. It also provides MMSE
estimates of the transmitted data that can be used by the receiver for de-
coding purposes. The algorithm has been applied to a multicarrier system
and results show that the application of EM in the high SNR case provides
significant improvement over traditional channel estimation techniques.

I. I NTRODUCTION

Traditionally, channel estimation has been done by periodi-
cally sending training sequences through the channel. A new
technique that both reduces the amount of training needed and
finds the maximum likelihood (ML) estimate of the channel in
the high SNR case is proposed.

This paper considers the problem of channel identification
in an ISI (intersymbol interference) free communications sys-
tem withK synchronized transmitters. Each transmits digital
signals at the same time and in the same bandwidth using the
same symbol periodT , as shown in Fig. 1.Hj denotes the
scalar gain for thejth user. The output at the receiver is a su-
perposition of signal waveforms plus additive white Gaussian
noise. An example of such system is transmission in a wire-
less system from the base stations to the mobile where a nar-
rowband signal is transmitted through an unknown multipath
propagation environment. Another example is the wireline case
where the central office employing Discrete Multitone (DMT)
modulation wishes to find the crosstalk coupling functions of
synchronized remote units.

We apply a training-aided EM (Expectation Maximization)
algorithm to a multicarrier system, which has no ISI. Train-
ing data provides the initial condition for EM. The principle
behind multicarrier modulation (MCM) is to superimpose sev-
eral carrier-modulated waveforms in parallel subchannels [1].
A MISO (Multiple Input, Single Output) system consists of a
single modem or antenna which receives signals from multiple
sources. In a MISO system employing MCM, each user must
have a long enough cyclic prefix so that data is transmitted on
orthogonal subchannels. On each subchannell, the received
subsymbol can be written asY (l) =

PK

j=1Hj(l)Xj(l)+N(l),
whereHj(l) is the subchannel gain on thelth tone for thejth
user,Xj(l) is the transmitted signal for thejth user, andN(l)

is the noise (assumed to be block-stationary Gaussian noise).
Each subchannel looks like Fig. 1.

For the system described above, the EM algorithm is applied
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Fig. 1. Multiple input, single output system

in the frequency domain on each tone. In [2], it was shown
that in order to acquire an exact estimate of the channel, at least
2
dlog2 �e EM algorithms need to be run in parallel.� is the num-

ber of taps of the channel andd:e denotes the ceiling operator.
The algorithm is able to exploit the finite alphabet property and
the distribution of the transmitted signals. It acts on blocks
of data in which the channel is assumed to remain stationary,
or constant. This assumption is valid in the wireline scenario
and also holds for high data rate wireless applications. This
is not true in general. The validity should be checked against
the value of the Doppler bandwidthBD of the multipath chan-
nel. If one takes a block of lengthL containingG time samples
spaced at time intervalTs, then the multipath channel can be
considered block stationary ifBDLGTs < 0:01.

Previous applications of the EM algorithm for the Single In-
put Single Output (SISO) case include [3], [4], [5], [6], [7], [8],
[9]. Iterative solutions that exploit the finite alphabet property
have been found in [10], [11]. In addition, the cyclic prefix in-
formation is used in [12] while precoding the input to acquire
channel estimates for the SISO case is done in [13]. Here we
solve the finite alphabet MISO case.

This paper is organized as follows. Section II describes the
system model. Section III describes a typical channel estima-
tion procedure with training data available. Section IV intro-
duces and solves the EM formulation when the transmitted data
is not available at the receiver. Section V provides simulation
results that compare training only with EM and Section VI pro-
vides concluding remarks.
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Fig. 2. Multicarrier System

II. SYSTEM MODEL

In a multicarrier modulation system, each user loads data,
as in Fig. 2, by means of an IDFT onto each subcarrier. A
cyclic prefix is appended to make the transmit signal appear
periodic. This prefix is necessary to maintain orthogonality of
the subchannels and to prevent intersymbol interference (ISI).
We assume thatK synchronized users are transmitting at the
same time with the same symbol period. Over one block of
data transmission, the channel output in the time domain can
be written as

y(t) =

KX
j=1

hj(t) � xj(t) + n(t) (1)

where� denotes convolution, andhj(t) is the sampled impulse
response of the channel corresponding to thejth user. We
assume that all the channel impulse responses to be of finite
length less than or equal to�. LetHj be the matrix representa-
tion of this block transmission so that

y =

KX
j=1

Hjxj + n (2)

wherexj = [xj(0) : : : xj(P � 1)]
T , y = [y(0) : : : y(P � 1)]

T ,
andn = [n(0) : : : n(P � 1)]

T are the block ofP data symbols
for the jth user, the block of received symbols and block of
P additive white Gaussian noise samples. The notation[ : ]T

denotes the transpose operation.
Assuming the first� symbols ofxj form the cyclic prefix

that is added to the transmitted data block, theP � P channel
matrix is given by

Hj =

2
66666666664

hj(0) 0 � � � hj(�) � � � hj(1)
... hj(0) 0 0 � � � hj(2)

hj(�)
...

...
... hj(�)

...
...

...
...

...
0 0 � � � hj(�) � � � hj(1) hj(0)

3
77777777775
(3)

The eigenvalue decomposition ofHj is given by Hj =

Q�
�jQ where Q and Q� are the FFT and IFFT ma-

trices, and �j is a diagonal matrix. �j is given by

diag(Hj(0); Hj(1); : : : ; Hj(P � 1)). If Y = Qy andxj =

Q�Xj , whereY = [Y (0)Y (1) : : : Y (P � 1)]
T andXj =

[Xj(0)Xj(1) : : : Xj(P � 1)]
T , then

Y (l) =

KX
j=1

Hj(l)Xj(l) +N(l) l = 0; 1; : : : ; P � 1 (4)

whereHj(l) is thelth subchannel gain for thejth user,Xj(l)

is the transmitted symbol on thelth subchannel for thejth user,
andN(l) is assumed to be zero mean white Gaussian noise.

III. C HANNEL GAIN AND NOISE VARIANCE ESTIMATES

USING TRAINING SEQUENCE

Due to the subchannel orthogonality, training and EM analy-
sis in Sections III and IV apply for each tone, allowing(l) to be
neglected. From now on, the superscriptn denotes time. With
the aid of training, the channel gains on each tone can be easily
acquired. If for each tone or subchannel, we collectLtr sam-
ples and form the column vectorY = [Y 1; Y 2; : : : Y Ltr ]

T , we
can write (4) as

Y = XH+N (5)

whereX = [X1X2 : : :XLtr ]
T , Xn

= [Xn
1 ; X

n
2 ; : : :X

n
K ]

T ,
H = [H1H2 : : : HK ]

T , andN = [N1; N2; : : : NLtr ]
T . Xn

consists of training data fromK users at timen. We assume
that the noiseN is white, zero-mean Gaussian with covari-
ance matrix�2I, whereI is the identity matrix. The maxi-
mum likelihood estimate of the parametersH and�2 is given
by (HML; �

2
ML) = argmax f(YjH; �2;X ), where

f(YjH; �2;X ) =
1p

(2��2)Ltr
�

exp f� 1

2�2
(Y �XH)

T
(Y �XH)g:

(6)

If X has full column rank, then it can be easily shown that the
maximum-likelihood (ML) estimate ofH is given by the least
squares solution

HML = (X TX )
�1X TY: (7)

The error in this estimate, denoted byÆ =HML�H, is a zero
mean Gaussian process with covariance given by�2(X TX )

�1.
The complexity of (7) is of orderO(LtrK

2
). We can also ob-

tain a ML estimate of the noise variance by computing

�2ML =
1

Ltr
(Y �XHML)

T
(Y � XHML) (8)

Note that when(X TX )
�1

=
I

LtrE[X2] , this estimate has ex-

pected value equal to�2(1 � K
Ltr

). This estimate of the noise
variance, along with the channel gains, can be used as initial
conditions for the Expectation Maximization Algorithm de-
scribed in the next section.



IV. EXPECTATION MAXIMIZATION ALGORITHM

In this section, the equiprobable input symbols belong to a
finite alphabet and are considered unknown. The EM algo-
rithm [14], [15] is one way of acquiring maximum likelihood
(ML) estimates when evaluation of the likelihood is made dif-
ficult by the absence of certain data. The EM algorithm first
finds its objective function, the conditional expectation of the
joint log-likelihood, using the current estimate of the parame-
ters. The maximization step then provides a new estimate of the
parameters by maximizing this new objective function. This
process is repeated until convergence is achieved. The initial-
ization of EM is provided by using a training sequence.

The subscriptk will now denote the iteration number. For a
given set of observationsY 1; Y 2; : : : ; Y L, it is desirable to find
H such that the likelihoodL(H) =

QL

n=1 fY (Y
n
;H) is max-

imized. For each tone, white noise and a block stationary chan-
nel are assumed. For simplicity, it is assumed that each user
transmits from anM point constellation. In Subsection IV-A
we apply the EM algorithm to the case where the noise vari-
ance�2 is known for the duration of the block length while in
Subsection IV-B, we apply the EM algorithm to the case where
the noise variance is unknown as well.

A. EM Algorithm for Channel Gain Estimation with Known
Noise Variance

Using the notation found in [15], let the complete data
be denoted byZn

= (Y n;Xn
) and form the vectorsZ =

(Z1; Z2; : : : ZL
), Y = (Y 1; Y 2; : : : Y L

). The objective
function is logL(H) = log fY(Y;H) = log fZ(Z;H) �
log fZjY(ZjY;H). fZ(Z;H) denotes the pdf ofZ givenH.
From the definition of complete data [15] and Bayes rule, one
can writefZjY(ZjY;H) =

fZ(Z;H)
fY(Y;H)

. SinceZ is unobservable,
log fZ(Z;H) is replaced with its conditional expectation given
Y, andH with Hk (k denotes the iteration number). The new
objective function is

E[logL(H)jY;Hk ] = E[log fZ(Z;H)jY;Hk]

�E[log fZjY(ZjY;H)jY;Hk]: (9)

This can be rewritten as

E[logL(H)jY;Hk ] = Q(H;Hk)�R(H;Hk); (10)

whereQ(H;Hk) = E[log fZ(Z;H)jY;Hk] andR(H;Hk) =

E[log fZjY(ZjY;H)jY;Hk ]. By Jensen’s inequality, it can be
shown thatR(Hk;Hk) � R(H;Hk) for anyH [15]. To in-
crease the objective function, it suffices to pickHk+1 such that
Q(Hk+1;Hk) � Q(H;Hk) for all H. Thus, our objective is
to maximize

Q(H;Hk) = E[log fZ(Z;H)jY;Hk ]: (11)

At iteration timek + 1, the function in (11) is maximized by
setting the gradientrHQ(H;Hk) to 0,

rHQ(H;Hk) =

LX
n=1

E[rH log fZ(Z
n
;H)jY;Hk] = 0:

(12)

This becomes an iterative procedure in which the root found at
iterationk+1 takes the place ofHk and the root is found again
until a stationary point is reached (i.e.Hk+1 � Hk ). The pdf
of the complete datafZ(Zn

;H) can be derived using Bayes
rule as

fZ(Y
n;Xn

;H) = fY jX ;H(Y
njXn

;H)fX(X
n
) (13)

where

fY jX;H(Y
njXn

;H) =
1p
2��2

e
�

(Y n�HTXn)2

2�2 (14)

andfX(Xn
) =

1
MK , whereM is the constellation size. There-

fore,

rH[log fZ(Y n;Xn
;H)] =

� 1

2�2
(�2Y nXn

+ 2Xn
(Xn

)
TH): (15)

Using (15) in (12) and solving forH, the update equation for
the channel gains becomes

Ĥk+1 =

 
LX

n=1

XnXnT

!�1
LX

n=1

Y nXn: (16)

Xn = E[XnjY n;Hk] andXnXnT = E[XnXnT jY n;Hk].
Equation (16) is equivalent to

Ĥk+1 = (X TX )
�1X T

Y (17)

whereX TX = E[X TXjY;Hk] and X = E[XjY;Hk].
Equation (17) is the EM equivalent of (7).X provides the min-
imum mean-squared error estimate of the data sequence based
on the observations and can be used by the receiver to acquire
soft estimates of the transmitted symbols. The expected value
is taken overfXjY;H, which can be easily found using Bayes
rule. For example,

Xn =

P
x2
 xfY jX;H(Y

njx;Hk)P
x2
 fY jX;H(Y

njx;Hk)
(18)

where the sum is taken over allMK possible combinations.
The complexity of this update equation is dominated by the
computation ofX TX , which is of orderO(LK2MK

). For

each element in theK � K matrix XnXnT , the condi-
tional expectation is computed by summing overMK points.
This can be compared to ML, which has complexity of order
O(LK2MKL

). This is due to the computation of (7) for all
MKL possible values ofX .



B. EM Algorithm for Channel Gain and Noise Variance

The problem is cast in a similar fashion as above with the
same complete and incomplete data. The results from the previ-
ous section apply except that�2 is replaced by�2k, where again
k denotes the iteration number. The updates on channel gains
and noise variance are done alternatively until convergence is
achieved. The channel update equation becomes

Ĥk+1 = (X TX )
�1X T

Y (19)

whereX TX = E[X TXjY;Hk ; �
2
k] andX = E[XjY;Hk ; �

2
k].

To get the noise variance update equation, we need to maximize
the log likelihood with respect to�2. Taking the derivative of
the log likelihood,

r�2 [log fZ(Y
n;Xn

;H)] = � 1

2�2
+

(Y n �HTXn
)
2

2�4
:

(20)

The update equation for the noise variance estimate is:

�2k+1 =
1

L

LX
n=1

E[(Y n �HTXn
)
2 j

Y n; �2 = �2k ; Ĥk+1]:

(21)

The expectation is done overXn and its complexity is of
the same order as the channel gain complexity, since findingPL

n=1X
nXnT is also needed.

V. SIMULATION RESULTS

The EM algorithm is used for the wireless channel with
K = 2 users. The initial conditions are acquired from (7)
and (8). 20 random symbols of training from a block size of
200 symbols are used for21000 randomly generated channels
with kHk = 1. Each user transmits�1 in each subchannel
and the channel gains are chosen from an iid Gaussian ran-
dom variable. The MSE of both the channel gain estimates
and noise variance are compared for the case when the system
uses the training data alone (20 symbols) and when it uses the
EM algorithm. Figures 3 and 4, where “tr” denotes training,
show the normalized MSE of the channel gains and the MSE
of the noise variance estimate. The normalized channel gain

MSE is defined asMSEH =
kH�Ĥk

2

K
and the noise variance

MSE asMSE�2 = j�2 � �̂2j2. The “tr, L=20” curve is the
ML result from using training only over 20 symbols. The “tr,
L=200” curve is the ML result from using training over 200
symbols. Thus, the performance of the proposed algorithm for
both channel and noise gain is close to optimal (10dB gain)
when the noise variance is small (i.e.�2 < 0:01). Note that, on
average, EM always improves performance in both the channel
gain and the noise gain estimate. As expected, the “tr” chan-
nel gain MSE is proportional to�2. Also, as�2 increases, the
MSE�2 curve for EM decreases while theMSEH curve stays
the same. This is due to the algorithm’s ability to detect the

high noise variance region and consequently reduce the MSE
in the estimate of�2. The EM algorithm’s stopping criterion is

chosen to bekHk+1�Hkk

kHkk
< 0:005 and

j�2
k+1��

2
k
j

�2
k

< 0:005. The

number of iterations needed for convergence is shown in Fig. 5.
Few iterations (1-2) are needed in the low noise variance case.
Fig. 6 shows the probability of making a symbol error when
trying to decode both users using the soft informationE[XjY]

acquired from the EM algorithm.

VI. CONCLUSIONS

Through training and the EM algorithm, this paper finds ac-
curate channel estimates as well as soft information for the re-
ceiver so that all transmitters’ data can be decoded simultane-
ously. In the low noise variance case, the EM algorithm is also
able to significantly refine the channel gain and noise estimates
found from training.
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Fig. 3. Gain MSE for 2 users
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Fig. 4. Noise Variance MSE for 2 users
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