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Abstract

The relay channel is an information theoretic model for a communication system

whereby a sender aims to communicate to a receiver with the help of a sender–receiver

relay node. It represents the simplest model for a multi–hop wireless network and a

full understanding of the limits of communication over such a channel can potentially

shed light on the design of more efficient wireless networks. The capacity of the relay

channel, however, has been established only for few special cases and little progress

has been made toward solving the general case since the early 1980s.

In this dissertation, we present several new results on the capacity and minimum

energy–per–bit for Additive White Gaussian Noise relay channels. We first review

existing bounds on the capacity of the discrete memoryless relay channel and use them

to derive bounds on the capacity of the AWGN relay channel. Motivated by practical

wireless communication considerations, we introduce two different frequency–division

AWGN relay channel models. Using known bounds, we are able to establish the

capacity for the first model where the direct channel from the sender to the receiver

and the channel from the sender to the relay use different frequency bands. For

the second model, the direct channel from the sender to the receiver uses a different

frequency band from that used in the channel from the relay to the receiver. In this

case, the bounds are tight only under very restrictive conditions. We then investigate

the practically interesting scenario where the relay can only send linear combinations

of past received signals. Surprisingly, we find that this scheme can do almost as well

v



as the much more sophisticated side information scheme, even outperforming it in

some cases. Moreover, we establish the optimal achievable rates by this scheme for

the second frequency–division relay channel model.

Finally we present the problem of minimum energy–per–bit for AWGN relay chan-

nels and find upper and lower bounds which differ by no more than a factor of 1.7 for

the AWGN channel and 1.5 for the second frequency–division relay channel model.
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Chapter 1

Introduction

1.1 Motivation

Multi–hopping is one of the oldest techniques used to communicate a message over

a long distance. This technique effectively combats the signal attenuation due to

propagation loss over a long distance. A primitive form of multi–hopping is the

sequence of smoke and fire beacons used by ancient Greeks, Romans, native Americans

and Chinese people to send important messages over a long distance. In particular,

the beacon towers along the Great Wall of China have served as hopping stations for

communication between Chinese army units.

In modern wireless communication systems, the idea of multi–hopping was first

implemented to establish a wireless link between New York and Boston in 1947. The

link consisted of seven relay stations connecting the two cities, over a distance of more

than 200 miles. A direct communication in this case was not possible because of the

curvature of the earth and natural obstacles. In 1951, the first cross–continental radio

link between the east coast and the west coast of the United States was established

using relaying towers on top of hills. Since then, microwave relay stations have become

an essential part of any long distance communication system. These systems proved

1



CHAPTER 1. INTRODUCTION 2

the practicality of a multi–hop communication system.

Satellite communication motivated the theoretical study of the relay systems in

early 1970’s. In the satellite communication scenario, a sender transmits a signal to

the satellite and the satellite may forward the message to some other satellites before

transmitting the signal back to the earth. The satellites operate as a relay node to

help the sender transmit a message to the receiver. Each satellite reconstructs the

digital signal, then re–modulates and sends the message to the next satellite and

ultimately to the ground station.

In modern wireless networks, the idea of multi–hopping is becoming of particular

importance for obvious reasons: to increase transmission rate and to minimize the

energy consumption. For example, consider a sensor network scenario where the

nodes in the network are battery–operated transceivers with a limited amount of

energy. Also the network is planned to operate without a central coordinator. In

other words, each node not only transmits it’s own message, but also acts as a router

to pass the message from other nodes in the network as well.

Although multi–hopping effectively establishes the connectivity of the network, it

is not necessarily the most energy–efficient communication technique in a network.

One of the key concerns in designing sensor networks is the energy consumption in

nodes and it is of particular importance to use the physical resources in the most

effective way to minimize the energy consumption in each node and in the entire net-

work. The inherent connectivity of the wireless medium, should be fully considered

for the design of next generation energy-optimal wireless networks. In a fully con-

nected network, like a wireless network, several new issues arise which lead to several

new problems as well as opportunities. The fact that every single transmission in

the network affects the entire network necessitates careful planning in the design of

the codes and schedules for each transmitter. The network design problem is in fact

the way to address the seemingly conflicting requirements of different nodes in the
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network.

The main difference between multi–hop wireless networks and relay networks is

the approach in treating the interference. In today’s multi–hop wireless networks,

each receiver treats the interference received from un–intended signals from other

transmitters as noise. However, this approach is provably sub–optimal as the signals

received from the other transmitters in the network carry useful information that may

be helpful in decoding the transmission from the intended transmitter. A carefully

designed network may also benefit from cooperation between different transmitters,

so that signals from other transmitters collectively benefit all the transmissions in the

network.

For example, consider a communication scenario where three nodes form a small

network. Consider a message is to be transmitted from a sender to a receiver. The

third node, which we identify as the relay node, does not have any messages of its

own to send and its sole purpose is to facilitate the transfer of the message from the

sender to the receiver. This scenario in the information theory literature is referred

to as the relay channel.

Assume that the channel between the sender and the receiver is weaker than the

channel between the sender and the relay and also weaker than the channel from

the relay to the receiver. In a two–hop communication system, the messages will be

transmitted from the sender to the relay and then the relay decodes and re–encode

the message and sends it to the receiver. Note that in such a system, the transmission

from the sender to the relay plays the role of interference for the transmission from

the relay to the receiver. This is a point–to–point approach to the problem that tries

to establish individual and independent pipelines between each pair of transmitter

and receiver. However, if we consider the full connectivity between the three nodes,

an array of new opportunities will open and the channel isolation approach (pipeline

approach) intuitively becomes suboptimal. The problem becomes how to transmit
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messages from the sender to the receiver as effectively as possible, assuming that

the sender and the relay node cooperate in the transmission process, so that the full

potential of the network is exploited.

The idea of relaying, in contrast with multi–hopping is to exploit the full con-

nectivity between the three nodes in the network, or in the other words, to use the

relay node to boost the transmission between the sender and the relay rather than

simply hopping the message from one link to another. This seemingly simple and

innocent problem has been an open problem for the past thirty years. However, this

problem appears to be the key to understanding fundamental issues like competition

and cooperation in network information theory. Although a final and definite answer

to the problem of the capacity of relay channels seems to be very unlikely at this

point, the effort in this respect can be highly productive as the coding schemes for

the networks can very efficiently improve the performance of communication networks

and in particular wireless communication networks.

1.2 Background

The relay channel was first introduced in 1971 by Van–der Meulen as a special form

of a three–terminal network [1]. Basic lower bounds on the capacity of the relay

channel where established in this work. Sato presented an example of a degraded

relay channel and computed an upper bound and two different lower bounds on the

capacity of this channel [2].

The most important set of results on the capacity of the relay channel was reported

by Cover and El Gamal [3, 4]. Different coding schemes and a general upper bound on

the capacity of this channel were presented for the first time in their paper. The coding

schemes introduced, established the capacity of the discrete memoryless physically

degraded relay channels, reversely degraded relay channels, additive white Gaussian
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noise (AWGN) degraded relay channels with average power constraints, relay channels

with feedback, and deterministic relay channels. Moreover, the cutset upper bound

presented in this paper remains the best upper bound known to date on the capacity

of the relay channel in general. In particular, the cutset upper bound is the capacity

of the relay channel in all the cases in which it is known and there is no counter–

example proving that this upper bound is loose. Lower bounds based on the block

Markov and side–information encoding were presented in this paper for the first time.

Following the publication of [4] in 1979, a series of new capacity results were

published in the early 1980’s, mainly extending the results to several other cases.

Aref established the capacity of a degraded relay network and in particular a cascade

of degraded relay channels [5]. El Gamal generalized the cutset upper bound to the

case of multi–terminal networks [6]. El Gamal and Aref established the capacity

of the semi–deterministic relay channels where the received signal at the relay is

a deterministic function of the transmitted signals at the sender and the relay [7].

The capacity of this channel was established by showing that the generalized block

Markov encoding scheme established matches the cutset upper bound. Willems [8]

and Carleial [9] established the block Markov achievable rate with other decoding

schemes, namely backward decoding and sliding window decoding. Zhang partially

established the capacity of the relay channel when the channel from the relay to

the receiver is a noiseless channel independent of the channel from the sender to the

receiver under some conditions [10]. The relay channel did not receive much attention

and no major progress was made toward establishing its capacity for a long time after

this early work. The reasons were the complicated nature of the problem and also

lack of interest in network information theory in general during the 1990’s when it

was viewed as a purely mathematical theory with no practical implications. That

viewpoint has changed since then with successful implementation of several ideas of

network information theory and considerable gain in performance of the systems due
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to application of these techniques.

Recent interest in sensor and ad hoc wireless networks has revived the interest

in studying AWGN relay networks. The first new attempt was made by Schein

and Gallager [11]. They established upper and lower bounds on the capacity of a

parallel relay channel where the channel consists of a sender, two relays and a receiver,

with no direct link between the sender and the receiver. The upper bound on the

capacity of the parallel relay channel is based on the cutset upper bound and the lower

bounds are based on the block Markov and side–information coding schemes. Xie

and Kumar generalized the block Markov encoding scheme for a network of multiple

relays [12]. Gastpar and Vetterli established the asymptotic capacity of a single

sender, single receiver network as the number of relay nodes increases [13]. Kramer,

Gastpar and Gupta [14], Reznik, Kulkarni and Verdu [15], Khojastepour, Sabhrawal

and Aazhang [16], Laneman, Tse and Wornell [17], Mitra and Sabharwal [18] and

many other authors have also addressed different aspects of relaying and cooperation

in wireless networks in recent years.

It appears that the recent surge of interest in relay channels is mainly due to the

increased importance of cooperation schemes in wireless and sensor networks in which

energy is a key component. The problem of communication with minimum energy

in AWGN channels is addressed by Verdu in [19, 20]. Low energy communication

for wireless networks is also addressed by Rodoplu and Meng in [21]. We build upon

these results in this thesis to establish results on minimum energy communication

over AWGN relay channels.

1.3 Organization of this Dissertation

The technical part of this dissertation is presented in Chapters 2–5 and Appendix A.

In Chapter 2, we study the capacity results for the discrete memoryless relay channel.
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Most of the content of this chapter is initially presented in [4] and is repeated here

for completeness. However, some new results are also presented in this chapter.

First we formally define the discrete memoryless relay channel and derive the

cutset upper bound on capacity of the general discrete memoryless relay channel.

Next we consider three lower bounds on the capacity of the relay channel. The

lower bounds are based on the block Markov encoding, the generalized block Markov

encoding, and the side–information encoding schemes. The lower bounds then will

be shown to establish the capacity of physically degraded and reversely degraded

relay channels [4], as well as the semi–deterministic relay channel [7]. Moreover, we

establish the capacity of a model of relay channels with orthogonal components [22]

and also show that the side–information encoding scheme can be improved by simply

using time–sharing [24].

In Chapter 3, we first introduce three additive white Gaussian noise (AWGN) re-

lay channel models, namely, the general AWGN relay channel model, and frequency–

division AWGN relay channel models A and B. We study the capacity of these chan-

nels with average sender and relay power constraints. We apply results of Chapter 2

to establish the cutset upper bound and the generalized block Markov lower bound

on the capacity of these channel. Using these bounds for the discrete memoryless

relay channels, we find upper and lower bounds on the capacity of the general AWGN

relay channel subject to the average power constraints. Moreover, we establish the

capacity of the frequency–division AWGN relay channel model–A and find upper and

lower bounds on capacity of the frequency–division AWGN relay channel model–B

that coincide for some restrictive cases. For the general and frequency–division chan-

nel model–B, it can be shown that using variations of the side–information encoding

scheme can improve the lower bound on capacity.

In Chapter 4, we focus on the case where the relay transmission function is limited

to a simple linear combination of the past received symbols at the relay. We will
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show that a simple linear relaying scheme can achieve tighter lower bounds than the

more sophisticated encoding schemes such as the block Markov and side–information

coding for the general AWGN relay channel. Moreover, we establish a single–letter

characterization of the capacity with linear relaying of the frequency–division AWGN

relay channel model–B.

In Chapter 5, we study the minimum energy–per–bit problem for the AWGN

relay channels. We establish a general relationship between the capacity with average

power constraints and the minimum energy–per–bit of different AWGN relay channel

models. Then using the upper and lower bounds on the capacity of the AWGN relay

channel models, we establish bounds on the minimum energy–per–bit of the associated

channels. First using the cutset upper bound on the capacity, we establish a lower

bound on the minimum energy–per–bit. Then using the block Markov encoding

scheme, we establish an upper bound that differs by no more than a factor of two

from the lower bound on minimum energy–per–bit for the general and frequency–

division model–B AWGN relay channels. We establish the minimum energy–per–bit

of the frequency–division AWGN relay channel model–A using the capacity result

established in Chapter 3. Using the side–information encoding and linear relaying

schemes, we are able to improve the maximum ratio of the upper bound to the lower

bound on minimum energy–per–bit for the general and frequency–division AWGN

relay channel model–B.

Finally in Chapter 6, we conclude this dissertation. Appendix A presents evidence

why we believe the cutset upper bound is not generally the capacity of the relay

channel in its most general form, although the cutset bound is tight in all the special

cases in which the capacity of the relay channel is known.
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1.4 Notations

In this thesis we use the following notation conventions. Upper case letters are used

to denote scalar random variables X, Y ; matrices I, D; power P ; and noise variance

N , where the distinction should be clear from the context. The variable n is normally

used to represent the length of sequences and notations such as Xn is used to repre-

sent a vector of length n of random variables or random codes. E(.) represents the

expected value with respect to a probability distribution, |.| denotes the determinant

operation and tr(.) denotes the trace operation. The operator ,� 0, is used to denote

that a matrix is positive semi–definite. The convention, p(y|x), is used to represent

the channel conditional probability distribution and I(X;Y ) denotes the mutual in-

formation between X and Y . H(X) denotes the entropy of random variable X and

h(X) denotes the differential entropy of a random variableX. NotationX ∼ N (µ, σ2)

is used to represent that random variable X has a Gaussian distribution with average

expectation µ and variance σ2.



Chapter 2

Discrete Memoryless Relay

Channels

2.1 Formal Definition

A communication situation where a sender transmits a message to a receiver with

assistance of another transceiver is referred to as relay channel. The relay channel was

first introduced by van der Meulen [1] in 1971. Figure 2.1 illustrates a relay channel

consisting of four finite sets X , X1, Y and Y1 and a conditional pmf p(y, y1|x, x1).
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Figure 2.1: Relay channel model.

A codebook of size n and rate R for a relay channel consists of a message set
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W = {1, 2, . . . , 2nR} where the message W is uniformly drawn from W , an encoding

function that assigns a codeword xn(w) to each w ∈ W , a set of relay functions {fi}ni=1

such that

x1i = fi(y11, y12, . . . , y1i−1), 1 ≤ i ≤ n,

and a decoding function that assigns a message ŵ (or an error message) to each

received sequence yn. The channel is memoryless such that the outputs (Y1i, Yi) of

the channel at each time instance i is dependent of the past received symbols only

through the current transmitted symbols (Xi, X1i), i.e.,

p(yi, y1i|xi, xi1) = p(yi, y1i|xi, x1i), ∀i.

The average probability of error is P
(n)
e = P{Ŵ 6= W}. The rate R is said to be

achievable if there exists a sequence of (2nR, n) of codes with P
(n)
e → 0} as n → ∞.

The capacity C of a relay channel is the supremum of the set of achievable rates.

Theorem 2.1. Capacity of relay channel is given by

C = lim
k→∞

sup
p(xk),{fi}ki=1

1

k
I(Xk;Y k).

Proof. Let

Ck = sup
p(xk),{fi}ki=1

1

k
I(Xk, Y k).

Achievability of any rate R < Ck can be easily shown for any set of relaying functions

{fi}ki=1 using a random coding argument with codewords of length kn generated i.i.d.

according to p(xk), and joint typical decoding. To prove the weak converse, we have

to show that for any set of relaying functions {fi}ni=1, any sequence of (2nR, n) codes

with P
(n)
e → 0 must have R ≤ C. For each n, let W be drawn according to a uniform
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distribution over {1, 2, . . . , 2nR}. Using Fano’s inequality, we can show that

nR = H(W ) = I(W ;Y n) +H(W |Y n)

≤ I(Xn(W );Y n) + nεn

≤ n(sup
n
Cn + εn)

= n(C + εn).

The last step of the proof is justified by the fact that supp(xn) I(X
n;Y n) is a super–

additive function of n and hence supn can be replaced with limn→∞.

Even though the above “infinite letter” characterization of the capacity is well

defined, it is not clear how to compute it in general. As a result it is not considered

a satisfactory answer to the capacity question. Instead, we seek computable “single

letter” characterizations of capacity of the relay channel. Unfortunately a single letter

characterization of the capacity of the relay channel is not yet known. Single letter

expressions for upper and lower bounds on capacity of the discrete memoryless relay

channel exist and are subjects of the rest of this chapter.

The best known upper bound on the capacity of the relay channel is the max–flow

min–cut upper bound (also referred to as the cutest bound). This upper bound is

tight in all the cases the capacity of the relay channel is known. Although this bound

is not believed to be the capacity of the relay channel in general, there is not a single

example proving sub–optimality of this upper bound.

We will also consider several lower bounds on the capacity of the relay channel.

The first lower bound is based on a block Markov encoding scheme where the relay

decodes all of the transmitted message. The second scheme is based on a generalized

block Markov encoding scheme where the relay decodes only part of the transmitted

message. Finally, the third encoding scheme that we will consider in this section

is based on side–information encoding where the relay estimates the transmitted
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message and sends its estimate to the receiver.

2.2 Upper Bound

We present an upper bound on capacity of the discrete memoryless relay channel. This

upper bound is referred to as “max–flow min–cut upper bound” or “cutset bound”

for reasons that will become apparent soon. This upper bound was first established

in [4] and then generalized to networks of relays in [6].

Theorem 2.2. For any relay channel (X ×X1, p(y, y1|x, x1),Y ×Y1) the capacity C

is bounded above by

C ≤ sup
p(x,x1)

min {I(X,X1;Y ), I(X;Y, Y1|X1)} ,

where the supremum is over all joint distributions on X × X1.

Proof. To prove the theorem, for any sequence of (2nR, n) codes with P
(n)
e → 0 we

must show that R ≤ C ≤ supp(x,x1) min {I(X,X1;Y ), I(X;Y, Y1|X1)}. Using Fano’s

inequality, we have

nR = H(W ) = I(W ;Y n) +H(W |Y n) ≤ I(W ;Y n) + nεn.

We now show that

I(W ;Y n) ≤ min

{
n∑
i=1

I(Xi, X1i;Yi),
n∑
i=1

I(Xi;Y1i, Yi|X1i)

}
.
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To show the first inequality, consider:

I(W ;Y n) =
n∑
i=1

I(W ;Yi|Y i−1)

=
n∑
i=1

(H(Yi|Y i−1)−H(Yi|W,Y i−1))

≤
n∑
i=1

(H(Yi)−H(Yi|W,Y i−1))

≤
n∑
i=1

(H(Yi)−H(Yi|Xi, X1i,W, Y
i−1))

(a)
=

n∑
i=1

(H(Yi)−H(Yi|Xi, X1i))

=
n∑
i=1

I(Xi, X1i;Yi),

where (a) follows from the fact that (W,Y i−1) → (Xi, X1i) → Yi form a Markov

chain.
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To show the second inequality, consider

I(W ;Y n) ≤ I(W ;Y n, Y n
1 )

=
n∑
i=1

I(W ;Yi, Y1i|Y i−1, Y i−1
1 )

(a)
=

n∑
i=1

I(W ;Y1i, Yi|Y i−1, Y i−1
1 , X1i)

=
n∑
i=1

(H(Y1i, Yi|Y i−1, Y i−1
1 , X1i)−H(Y1i, Yi|W,Y i−1, Y i−1

1 , X1i))

≤
n∑
i=1

(H(Y1i, Yi|X1i)−H(Y1i, Yi|W,Y i−1, Y i−1
1 , Xi, X1i))

(b)
=

n∑
i=1

(H(Y1i, Yi|X1i)−H(Y1i, Yi|Xi, X1i))

=
n∑
i=1

I(Xi;Yi, Y1i|X1i),

where (a) follows from the fact that X1i = fi(Y
i−1
1 ) is a function of the past received

symbols at relay and (b) follows from the fact that (W,Y i−1
1 , Y i−1) → (Xi, X1i) →

(Yi, Y1i) form a Markov chain.

Finally, let Q be a random variable independent of Xn, Xn
1 , Y

n, Y n
1 uniformly

distributed over 1, 2, . . . , n and set X = XQ, X1 = X1Q, Y = YQ, Y1 = Y1Q. Since

Q→ (X,X1) → (Y, Y1), we have

n∑
i=1

I(Xi, X1i;Yi) = nI(X,X1;Y |Q) ≤ nI(X,X1;Y ),

and
n∑
i=1

I(Xi;Yi, Y1i|X1i) = nI(X;Y, Y1|X1, Q) ≤ nI(X;Y, Y1|X1).
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Thus

R ≤ min {I(X,X1;Y ), I(X;Y, Y1|X1)}+ εn.

Since this is true for any sequence of (2nR, n) codes with arbitrary joint distribution

p(x, x1), we conclude that we should have

C ≤ sup
p(x,x1)

min {I(X,X1;Y ), I(X;Y, Y1|X1)} .

The first term of the bound is referred to as the multiple–access bound since it

limits the maximum rate of information that can be cooperatively sent to the receiver

by the sender and the relay. The second term is referred to as the broadcast bound as

it limits the maximum rate of information that can be transmitted from the sender

for the relay and the receiver. This is the Max–flow Min–cut interpretation of the

bound and is further illustrated in Figure 2.2.PSfrag replacements
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Figure 2.2: Max–flow Min–cut interpretation of the cutset upper bound.

The max–flow min–cut is the best upper bound known on the capacity of the relay

channel. No better upper bound is known for the relay channel and there is not even

a single example showing that the capacity of the relay channel is in fact less than

this upper bound in general. In fact this upper bound is tight in all the cases the

capacity of the relay channel is known. Although all the evidences present suggest

that this bound might be tight in all the cases, we believe it is not in general the
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capacity of the relay channel. In Appendix A, we present an unsuccessful attempt in

establishing a tighter upper bound. Although we fail to prove a better upper bound,

the material in the Appendix A to some extent justifies why we do not expect the

cutset upper bound to be the capacity of the relay channel in general.

2.3 Lower Bounds

In this section, we present three different coding schemes and compute their achievable

rates. The three coding schemes studied in this section establish the capacity of the

relay channel in some special cases. Yet, they do not in general establish the capacity

of the relay channel.

The task of the relay in the coding schemes studied in this section, is either

decoding or estimating. The first two schemes in this chapter, namely the block

Markov encoding and the generalized block Markov encoding schemes are based on

decoding all or part of the transmitted message by the sender. Decoding all or

part of the transmitted message by the sender allows the relay node to cooperate

with the sender in transmitting the message. On the other hand, the task of the

relay in the third encoding scheme, namely side–information encoding, is to estimate

the transmitted message and then forwarding this estimate to the receiver so that

the ultimate receiver can decide about the transmitted message based on the extra

information received from the relay.

The three schemes we present in this section achieve the capacity of the relay

channel in some special cases. Yet, we will present enough evidence in next chapter

proving that neither of these schemes are in fact the capacity of the relay channel in

general. All the three schemes are first introduced and proved in [4] and we repeat

their proofs here for completeness.
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2.3.1 Block Markov Encoding

In theory, the relay transmission x1i at time i can be a function of relay receptions

yi−1
1 up to time i− 1. In practice, analysis of such a code will be extremely difficult.

One way of overcoming this problem is to use blocks of transmissions and have the

relay transmission in each block, be a function of the relay received signal at the

previous block and not the entire past received symbols up to the current time. This

idea is quite widely used in all the coding schemes for the relay channel. However

as we will see in the next chapter, this could be one of the main reasons why these

schemes are suboptimal in general.

In this first coding scheme, the codebooks are designed such that the relay can

completely decode the transmitted message by the sender in previous block. The

sender and relay then cooperate in current block to remove the uncertainty of the

receiver about the transmitted message in the previous block.

Theorem 2.3. For any relay channel (X ×X1, p(y, y1|x, x1),Y ×Y1) the capacity C

is lower bounded by

C ≥ sup
p(x,x1)

min {I(X,X1;Y ), I(X;Y1|X1)} ,

where the supremum is over all joint distributions on X × X1.

Proof. The proof of achievability involves many of the ideas in the field of network

information theory including: (i) random coding, (ii) random binning, (iii) block

Markov encoding, (iv) superposition, in addition to list block coding. Encoding is

performed in a block Markov time–frame which provides the opportunity for cooper-

ation between the sender and the relay on a block–by–block basis. The transmission

is performed in B blocks, each of length n symbols.
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A sequence of B− 1 messages, wi ∈ W , i = 1, 2, . . . , B− 1, each selected indepen-

dently and uniformly over W = {1, 2, . . . , 2nR} will be sent over the channel in nB

transmissions. Therefore the total number of transmitted bits will be n(B− 1)R and

if B → ∞, the actual transmission rate R(B − 1)/B will approach the rate R from

below.

The relay in each block fully decodes the message transmitted by the sender in

the previous block. If the channel from the sender to the relay is considerably better

than the channel from the sender to the receiver, the receiver may not completely

decode the transmitted message in each block. The receiver on the other hand par-

tially decodes the transmitted message. Sender and the relay then cooperate with

each other in the current block to remove the receiver’s uncertainty about the trans-

mitted message in the previous block. Moreover, the transmitter sends some fresh

information about a new message in the current block.

We prove that for each joint probability mass function p(x, x1), there exists at

least a sequence of doubly–indexed set of codewords

Cn =
{
(xn(w|s), xn1 (s)) : w ∈ {φ, 1, 2, . . . , 2nR}, s ∈ {φ, 1, 2, . . . , 2nR0}

}
,

such that P
(n)
e → 0 as n→∞ if

R ≤ min{I(X,X1;Y ), I(X;Y1|X1)}.

For each fixed joint probability mass function p(x, x1) = p(x1)p(x|x1) and for each

index s ∈ {1, 2, . . . , 2nR0} generate an i.i.d. sequence xn1 (s) according to∼
∏n

j=1 p(x1j)

where for each index s and for each time index 1 ≤ j ≤ n, x1j(s) ∼ p(x1j) = p(x1).

For each index s ∈ {1, 2, . . . , 2nR0} and for each index w ∈ {1, 2, . . . , 2nR}, generate a

sequence xn(w|s) conditionally independent from xn1 (s) according to∼
∏n

j=1 p(xj|x1j),

where xj(w|s) ∼ p(xj|x1j(s)). This completes the random codebook generation.
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For each message w ∈ {1, 2, . . . , 2nR} assign an index s(w) at random from

{1, 2, . . . , 2nR0}. The set of messages with the same index s form a bin Ss ⊆ W .

The codebook Cn and bin assignments s(w) are revealed to all parties. We prove that

there exists at least a sequence of codebooks C and a bin assignment that achieves

the above rate.

Encoding is performed in the following block Markov fashion: Assume w0 = φ. Let

wi ∈ {1, 2, . . . , 2nR} be the new message to be sent in block i, where 1 ≤ i ≤ B − 1

and assume that wi−1 ∈ Ssi , the encoder then sends xn(wi|si). The relay has an

estimate ˆ̂wi−1 of the previous index wi−1 transmitted in block i − 1. If ˆ̂wi−1 ∈ S ˆ̂si
,

then the relay sends xn1 ( ˆ̂si) in block i.

The receiver at the end of block i will decode wi−1. Assume that at the end

of block i − 1, the receiver knows (w1, w2, . . . , wi−2) and (s2, . . . , si−1) and the relay

knows (w1, w2, . . . , wi−1) and consequently (s2, . . . , si). The decoding procedures at

the end of block i are as follows:

i) Upon receiving yn1 (i), the relay receiver declares that ˆ̂wi is sent if it is the unique

index such that (xn( ˆ̂wi|si), xn1 (si), y
n
1 (i)) ∈ A(n)

ε (X,X1, Y1), whereA
(n)
ε (X,X1, Y1)

is the set of jointly typical sequences of length n according to the joint proba-

bility mass function p(x, x1)p(y1|x, x1). Otherwise an error is declared. It can

be shown that ˆ̂wi = wi with an arbitrarily small probability of error, if n is

sufficiently large and R < I(X;Y1|X1).

ii) The receiver at the end of block i declares that ŝi was sent if it is the unique

index such that (xn1 (ŝi), y
n(i)) ∈ A(n)

ε , an error is otherwise declared. si can be

decoded with arbitrarily small probability of error if n is sufficiently large and

R0 < I(X1;Y ).

iii) Assuming that si is decoded correctly at the receiver, it constructs the list

L(yn(i−1)) of message indices whose codewords are jointly typical with yn(i−1)
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Block 1 2 3 . . . B − 1 B
X xn(w1|φ) xn(w2|s2) xn(w3|s3) . . . xn(wB−1|sB−1) xn(φ|sB)

Y1
ˆ̂w1, ˆ̂s2

ˆ̂w2, ˆ̂s3
ˆ̂w3, ˆ̂s4 . . . ˆ̂wB−1, ˆ̂sB φ

X1 xn1 (φ) xn1 (ˆ̂s2) xn1 (ˆ̂s3) . . . xn1 (ˆ̂sB−1) xn1 (ˆ̂sB)

Y φ ŝ2, ŵ1 ŝ3, ŵ2 . . . ŝB−1, ŵB−2 ŝB, ŵB−1

Table 2.1: Encoding and decoding procedure for the block Markov encoding scheme.

in block i− 1. The receiver then declares that ŵi−1 is sent in block i− 1 if it is

the unique index in Ssi ∩ L(yn(i − 1)), an error is otherwise declared. ŵi−1 =

wi−1 with arbitrarily small probability of error if n is sufficiently large and

R < I(X;Y |X1) +R0. Therefore, R < I(X;Y |X1) + I(X1;Y ) = I(X,X1;Y ).

The encoding and decoding procedure is summarized in Table 2.1.

The probability of error for the B blocks is given by

P (n)
e = P

{
(W1,W2, . . . ,WB−1) 6= (Ŵ1, Ŵ2, . . . , ŴB−1)

}
.

For i = 1, 2, . . . , B − 1, define the set

Fi =
{

ˆ̂
Wi 6= Wi or Ŝi 6= Si or Ŵi−1 6= Wi−1

}
.

It is easy to show that the probability of error for B blocks of transmission can be
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upper bounded as

P (n)
e = P

(
B−1⋃
i=1

Fi

)

= P

(
B−1⋃
i=1

(
Fi −

i−1⋃
j=1

Fj

))

=
B−1∑
i=1

P
(
Fi ∩ F c

1 ∩ F c
2 . . . ∩ F c

i−1

)
≤

B−1∑
i=1

P
(
Fi|F c

1 ∩ F c
2 . . . ∩ F c

i−1

)
.

Thus if P
(
Fi|F c

1 ∩ F c
2 . . . ∩ F c

i−1

)
→ 0 then P

(n)
e → 0. Since the probability of error

averaged over the choice of the codebook and binning assignment goes to zero, we

conclude that for each joint probability mass function p(x, x1) there exists a sequence

of codes and a binning assignment such that the probability of error is arbitrarily

small if

R ≤ min{I(X,X1;Y ), I(X;Y1|X1)}.

This on the other hand establishes the following lower bound on capacity of the

discrete memoryless relay channel

C ≥ sup
p(x,x1)

min {I(X,X1;Y ), I(X;Y1|X1)} .

Note that the sender and the relay can achieve full cooperation as the sender in

each block exactly knows the sequence that relay transmits. As it can be seen, the

maximization is over the choice of joint probability mass function p(x, x1). Also note

that since the relay decodes the transmitted message completely while the receiver is

still uncertain about the transmitted message, this encoding scheme will be effective
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only when the channel from the sender to the relay is considerably better than the

channel from the sender to the receiver. In next chapter we will show that if the

channel from the sender to the relay is as good as or worse than the direct channel

from the sender to the receiver, this scheme cannot achieve any rate higher than

the capacity of direct channel. Moreover, note that the first term under the min is

the same expression as the multi–access bound in the cutset upper bound. Hence

we expect this encoding scheme to achieve rates close to the upper bound when the

multiple–access side of the channel is the bottleneck.

2.3.2 Generalized Block Markov Encoding

In this coding scheme, the relay does not completely decode the transmitted message

by the sender. Instead the relay only decodes part of the message transmitted by the

sender. A block Markov encoding time–frame is again used in this scheme such that

the relay decodes part of the message transmitted in the previous block and cooperates

with the sender to transmit the decoded part of the message to the receiver in current

block.

Theorem 2.4. For any relay channel (X ×X1, p(y, y1|x, x1),Y ×Y1) the capacity C

is lower bounded by

C ≥ sup
p(u,x,x1)

min{I(X,X1;Y ), I(U ;Y1|X1) + I(X;Y |X1, U)},

where the supremum is over all joint probability mass functions p(u, x, x1) on U ×

X × X1 such that U → (X,X1) → (Y, Y1) form a Markov chain.

Proof. In this encoding scheme, unlike the previous scheme, only part of the message

is decoded by the relay. The message is divided into two independent parts. The

first part is decoded by the relay and the receiver can only make an estimate of it,
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while the second part is directly decoded by the receiver. The sender and the relay

cooperate in the next transmission block to remove the receiver’s uncertainty about

the first part of the message.

Consider a block Markov encoding scheme with B blocks of transmission, each

of n symbols. A sequence of B − 1 messages, wi, i = 1, 2, . . . , B − 1, each selected

independently and uniformly overW is to be sent over the channel in nB transmission.

Again we show that for any joint probability mass function p(u, x, x1) such that

U → (X,X1) → (Y, Y1) form a Markov chain, there exists at least a sequence of

codebooks

Cn = {(un(w′|s), xn(w′′|w′, s), xn1 (s)) : w′ ∈ {φ, 1, 2, . . . , 2nR1},

w′′ ∈ {φ, 1, 2, . . . , 2nR2}, s ∈ {φ, 1, 2, . . . , 2nR0}},

such that P
(n)
e → 0 as n→∞ if

R = R1 +R2 ≤ min{I(X,X1;Y ), I(U ;Y1|X1) + I(X;Y |X1, U)}.

For any joint probability mass function p(u, x, x1) = p(x1)p(u|x1)p(x|u, x1), and for

each index s ∈ {φ, 1, 2, . . . , 2nR0} randomly generate an i.i.d. sequence xn1 (s) according

to probability mass function ∼
∏n

j=1 p(x1j) where for each index s and for each time

index 1 ≤ j ≤ n, x1j(s) ∼ p(x1j) = p(x1). Let the message w = (w′, w′′), where

w′ ∈ {1, 2, . . . , 2nR1} and w′′ ∈ {1, 2, . . . , 2nR2}, R = R1 + R2. For each index s

and for each w′ ∈ {1, 2, . . . , 2nR1} randomly generate an i.i.d. sequences un(w′|s)

according to probability mass function p(un|xn1 (s)) =
∏n

j=1 p(uj|x1j(s)). For every

pair (w′, s) and for each index w′′ ∈ {1, 2, . . . , 2nR2}, randomly generate an i.i.d.

sequence xn(w′′|w′, s) according to probability mass function p(xn|un(w′|s), xn1 (s)) =∏n
j=1 p(xj|uj(w′|s), x1j(s)). This completes the generation of random codebook C.
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For each w′ ∈ {1, 2, . . . , 2nR1}, assign an index s(w′) at random from the set

{1, 2, . . . , 2nR0}. The set of messages with the same index s form a bin Ss, where

s ∈ [1, 2nR0 ]. The codebook Cn and bin assignment s(w′) are revealed to all parties.

Encoding is performed in the following block Markov fashion: Let wi = (w′i, w
′′
i ) ∈

{1, 2, . . . , 2nR1} × {1, 2, . . . , 2nR2} be the message to be sent in block i. Assume the

relay has an estimate ˆ̂w
′
i−1 of the previous index w′i−1. Assume ˆ̂w

′
i−1 ∈ Sˆ̂si

. The

relay transmission in block i is xn1 (ˆ̂si). The sender at block i knowing w′i (the part

of the message transmitted to the relay in block i), w′i−1 and hence si, transmits

xn(w′′i |si, w′i).

Assume that at the end of block i−1, the relay knows (w′1, w
′
2, . . . , w

′
i−1) and hence

their associated bin indexes (s2, s3, . . . , si) and the receiver knows (w1, w2, . . . , wi−2)

and (s2, s3, . . . , si−1).

The decoding procedure at the end of block i are as follows:

i) Upon receiving yn1 (i), the relay declares that ˆ̂w
′
i is sent if it is the unique index

such that (un( ˆ̂w
′
i|si), xn1 (ˆ̂si), y

n
1 (i)) ∈ A(n)

ε . This decoding can be performed with

small enough probability of error if R1 < I(U ;Y1|X1).

ii) The receiver upon receiving yn(i) declares that ŝi is transmitted if it is the

unique index such that (xn1 (ŝi), y
n(i)) ∈ A(n)

ε . This decoding can be performed

with small enough probability of error if R0 < I(X1;Y ).

iii) Knowing ŝi−1, the receiver constructs an ambiguity set L(yn(i − 1)) of all the

indices ŵ′i−1 such that (un(ŵ′i−1|ŝi−1), x
n
1 (ŝi−1), y

n(i − 1)) ∈ A
(n)
ε . Then the

receiver declares that ŵ′i−1 is sent in block i−1, if it is the unique index in Sŝi ∩

L(yn(i− 1)). This list decoding can be done with arbitrarily small probability

of error if R1 < R0 + I(U ;Y |X1).

iv) Knowing ŝi−1 and ŵ′i−1, the receiver looks for a unique index ŵ′′i−1 such that
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(xn(ŵ′′i−1|ŵ′i−1, ŝi−1), u
n(ŵ′i−1|ŝi−1), x

n
1 (ŝi−1), y

n(i− 1)) ∈ A(n)
ε . This can be done

with small enough probability of error if R2 < I(X;Y |U,X1).

From the conditions above, we have

R = R1 +R2

≤ min{I(U ;Y1|X1), I(X1;Y ) + I(U ;Y |X1)}+ I(X;Y |U,X1)

= min{I(U ;Y1|X1), I(X1, U ;Y )}+ I(X;Y |U,X1)

= min{I(U ;Y1|X1) + I(X;Y |U,X1), I(X1, U ;Y ) + I(X;Y |U,X1)}

= min{I(U ;Y1|X1) + I(X;Y |U,X1), I(X,X1, U ;Y )}

= min{I(U ;Y1|X1) + I(X;Y |U,X1), I(X,X1;Y )}.

The analysis of the probability of error follows the same lines of proof in Theo-

rem 2.3 and are not repeated here. Hence, we conclude that that for each joint proba-

bility mass function p(u, x, x1) such that U → (X,X1) → (Y, Y1) form a Markov chain,

there exists a sequence of codes and a binning assignment such that the probability

of error is arbitrarily small if

R ≤ min{I(U ;Y1|X1) + I(X;Y |U,X1), I(X,X1;Y )}.

This completes the proof of the theorem.

Note that Theorem 2.3 is a special case of Theorem 2.4. In particular if we choose

the random variable U = X1, it satisfies the Markovity criterion and the result of

Theorem 2.3 directly follows.

Again note that since the first term under the min is the same expression as the

multi–access bound in the cutset upper bound we expect this encoding scheme to

achieve rates close to the upper bound when the multiple–access side of the channel
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is the bottleneck.

2.3.3 Side Information Encoding

The first two coding schemes are based on relay decoding all or part of the message

and then cooperate with the sender to send the decoded part to the receiver. These

approaches prove to be useful if the channel from the sender to the relay is consid-

erably superior to the direct channel. If the channel from the sender to the relay

is statistically comparable or worse than the direct channel, this approach cannot

possibly help, since all the codewords that can be decoded by the relay can also be

decoded by the receiver.

Another completely different approach to relay coding is to not require the relay

to decode any part of the transmitted message. Instead, in this approach, relay tries

to extract and estimate some information from its received sequence and will re–

encode this extracted information to the receiver. The receiver will use this extra

information as side information to help decode the message transmitted on the direct

channel. Since the relay node does not decode the transmitted message and instead

estimates the received message, and the sender does not know about the estimated

message, the sender and relay cannot cooperate.

Theorem 2.5. For any relay channel (X ×X1, p(y, y1|x, x1),Y ×Y1) the capacity C

is lower bounded by

C ≥ sup
p(x)p(x1)p(ŷ1|y1,x1)

I(X;Y, Ŷ1|X1),

subject to I(X1;Y ) > I(Y1; Ŷ1|X1, Y ).

Proof. A block Markov encoding is used again where a sequence of B − 1 messages

are transmitted in B block of length n each. The relay estimate ŷn1 (i− 1) at the end

of block i − 1 is transmitted to the receiver in block i and will be combined with
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yn(i − 1) at the end of block i to decode the transmitted message wi−1 at previous

block.

We prove that for each joint probability mass function p(x)p(x1)p(ŷ1|y1, x1), there

exists a sequence of codebooks

Cn = {(xn(w), xn1 (s), ŷn1 (z|s)) : w ∈ {φ, 1, 2, . . . , 2nR},

s ∈ {φ, 1, 2, . . . , 2nR1}, z ∈ {φ, 1, 2, . . . , 2nR̂}},

such that P
(n)
e → 0 as n→∞ if

R ≤ I(X;Y, Ŷ1|X1),

and subject to the constraint I(X1;Y ) ≥ I(Y1; Ŷ1|X1, Y ).

To generate the codebook, for each fixed joint probability mass function of the

form p(x)p(x1)p(ŷ1|y1, x1) and for each index w ∈ {1, 2, . . . , 2nR}, generate an i.i.d.

sequence xn(w) according to ∼
∏n

j=1 p(xj) where for each index 1 ≤ j ≤ n, xj(w) ∼

p(xj) = p(x). Similarly for each index s ∈ {1, 2, . . . , 2nR1}, generate an i.i.d. se-

quence xn1 (s) according to probability mass function ∼
∏n

j=1 p(x1j). Also for each

s ∈ {1, 2, . . . , 2nR1} and for each index z ∈ {φ, 1, 2, . . . , 2nR̂}, generate an i.i.d. se-

quence ŷn1 (z|s) according to ∼
∏n

j=1 p(ŷ1j|x1j(s)), where

p(ŷ1|x1(s)) =
∑
y1∈Y1

p(y1|x1)p(ŷ1|y1, x1(s)).

For each index z ∈ {1, 2, . . . , 2nR̂} assign an index s(z) at random from the set

{1, 2, . . . , 2nR1}. The set of indices z with the same index s form a bin B(s). The

codebook Cn is revealed to all parties and bin assignment s(z) is revealed to the relay

and the receiver nodes.
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Encoding is performed in the following block Markov fashion: Let wi be the the

message to be sent in block i. Also assume that (ŷn1 (zi−1|si−1), y
n
1 (i− 1), xn1 (si−1)) ∈

A
∗(n)
ε (X1, Y1, Ŷ1) where A

∗(n)
ε (X1, Y1, Ŷ1) is the set of jointly strongly typical sequences

of length n and assume that zi−1 ∈ B(si). Then the codeword pair (xn(wi), x
n
1 (si)) is

transmitted in block i.

The receiver at the end of block i will decode wi−1. Assume at the end of block

i− 1, the receiver knows (w1, w2, . . . , wi−2), (s1, s2, . . . , si−1) and (z1, z2, . . . , zi−2) and

the relay knows (z1, z2, . . . , zi−1) and hence (s2, . . . , si). The decoding procedure at

the end of block i is as follows:

1. Upon receiving yn(i), the receiver finds the unique ŝi such that (xn1 (ŝi), y
n(i)) ∈

A
∗(n)
ε . This step can be done with small enough probability of error if R1 <

I(X1;Y ) and n is sufficiently large.

2. The receiver calculates a set of indices z such that (ŷn1 (z|ŝi−1), x
n
1 (ŝi−1), y

n(i −

1)) ∈ A
∗(n)
ε . Let L(yn(i − 1)) denote the set of such indices. The receiver

declares that ẑi−1 was sent in block i − 1 if it is the unique index such that

ẑi−1 ∈ B(ŝi)∩L(yn(i−1)). With high probability, ẑi−1 = zi−1 if n is sufficiently

large and R̂ < I(Ŷ1;Y |X1) +R1.

3. Using ŷn1 (ẑi−1|ŝi−1) and yn(i − 1), the receiver declares that ŵi−1 was sent in

block i− 1 if it is the unique message such that (xn(ŵi−1), ŷ
n
1 (ẑi−1|ŝi−1), y

n(i−

1), xn1 (ŝi−1)) ∈ A
∗(n)
ε . Thus, a necessary condition for ŵi−1 = wi−1 with high

probability is that R < I(X;Y, Ŷ1|X1).

4. The relay upon receiving the sequence ŷn1 (i), finds the unique index z such

that (ŷn1 (z|si), yn1 (i), xn1 (si)) ∈ A
∗(n)
ε . There exists such an index z with high

probability if n is large enough and R̂ > I(Ŷ1;Y1|X1).
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Combining conditions from steps 1, 2, and 4 we obtain

I(X1;Y ) ≥ I(Ŷ1;Y1|X1)− I(Ŷ1;Y |X1)

= H(Ŷ1|X1)−H(Ŷ1|X1, Y1)−H(Ŷ1|X1) +H(Ŷ1|X1, Y )

= H(Ŷ1|X1, Y )−H(Ŷ1|X1, Y1)

= H(Ŷ1|X1, Y )−H(Ŷ1|X1, Y1, Y )

= I(Ŷ1;Y1|X1, Y ).

This condition in fact guarantees that the codebook used for covering the received

sequence yn1 at relay can be reliably transmitted to the receiver in presence of the

received signal from the sender which plays the role of interference for the encoded

sequence at relay. This completes the proof of the lower bound.

Note that independent codebooks are used in sender and relay. It is difficult

to envision a coding scheme based on covering of the output sequence of the relay

receiver as side information such that the relay transmission is in coherence with the

transmission from the sender. Such a coding scheme will be an important step toward

establishing the capacity of the relay channel. Note that the results of Theorem 2.4

and Theorem 2.5 can also be combined [4].

The first term under the min is a very similar expression to the broadcast bound

in the cutset upper bound. Hence we expect this encoding scheme to achieve rates

close to the upper bound when the broadcast side of the channel is the bottleneck.

In the side information coding scheme, direct transmission from the sender to the

receiver and the transmission from the relay to the receiver play the role of interference

for each other. As a result, the achievable rate of Theorem 2.5 can be improved using

time–sharing. In the following theorem, we establish an improved capacity lower

bound. The form of the achievable rate in Theorem 2.6 is also more convenient for
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numerical evaluation and optimization of joint probability mass functions than the

form in Theorem 2.5.

Theorem 2.6. For any relay channel (X ×X1, p(y, y1|x, x1),Y ×Y1) the capacity C

is lower bounded by

C ≥ sup
p(q)p(x|q)p(x1|q)p(ŷ1|q,y1,x1)

min{I(X;Y, Ŷ1|X1, Q), I(X,X1;Y |Q)−I(Y1; Ŷ1|X,X1, Q)}.

Proof. We show that for each value of the time–sharing random variable Q, any rate

R such that

R ≤ sup
p(x)p(x1)p(ŷ1|y1,x1)

min{I(X;Y, Ŷ1|X1), I(X,X1;Y )− I(Y1; Ŷ1|X,X1)},

is achievable. The lower bound on capacity is then achieved by time–sharing among

the codes for different values of Q according to its optimal probability mass function.

Achievability of any rate R ≤ I(X;Y, Ŷ1|X1) subject to the constraint I(X1;Y ) ≥

I(Y1; Ŷ1|X1, Y ), for any joint probability mass function of the form p(x, x1, y, y1, ŷ1) =

p(x)p(x1)p(ŷ1|y1, x1)p(y, y1|x, x1) was proved in Theorem 2.5. We show the converse,

i.e., any rate satisfying the original conditions R ≤ I(X;Y, Ŷ1|X1) and I(X1;Y ) ≥
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I(Y1; Ŷ1|X1, Y ), also satisfies the above inequality. Consider

R = I(X;Y, Ŷ1|X1)

= H(Y, Ŷ1|X1)−H(Y, Ŷ1|X,X1)

= H(Y |X1) +H(Ŷ1|X1, Y )−H(Ŷ1|X,X1)−H(Y |X,X1, Ŷ1)

= H(Y |X1) +H(Ŷ1|X1, Y )−H(Ŷ1|X,X1)−H(Y |X,X1)

= H(Y )− I(X1;Y ) + I(Y1; Ŷ1|X1, Y )

+H(Ŷ1|X1, Y, Y1)−H(Ŷ1|X,X1)−H(Y |X,X1)

≤ H(Y ) +H(Ŷ1|X1, Y, Y1)−H(Ŷ1|X,X1)−H(Y |X,X1)

= H(Y ) +H(Ŷ1|X1, Y1)−H(Ŷ1|X,X1)−H(Y |X,X1)

= H(Y ) +H(Ŷ1|X,X1, Y1)−H(Ŷ1|X,X1)−H(Y |X,X1)

= I(X,X1;Y )− I(Y1; Ŷ1|X,X1).

It is easy to show the achievability, i.e., that any rate satisfying the above inequality

also satisfies the original conditions in Theorem 2.5. Achievability of the first term

under min is a direct result of Theorem 2.5. The second term under the min will be

achieved when the constraint I(X1;Y ) ≥ I(Y1; Ŷ1|X1, Y ) holds with no slack. This

completes the proof of the theorem.

2.4 Relay Channel Models with Known Capacity

In this section, we establish the capacity of several classes of relay channels using

the lower bounds of Section 2.3. In all the cases we study in this section, the lower

bounds achieve the cutset upper bound and hence establishes the capacity of the

particular relay channel model. In particular, we study the capacity of degraded and

reversely degraded relay channels, semi–deterministic relay channel and a model of
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relay channel with orthogonal components. The capacity of degraded and reversely

degraded relay channel models were established in [4] and the capacity of semi–

deterministic channel model were established in [7]. We were able to establish the

capacity of a model of relay channels with orthogonal components in [22]. In the next

chapter, we will look at some other cases where the capacity of a frequency–division

Additive White Gaussian Noise (AWGN) relay channel model can be established.

2.4.1 Reversely Degraded Relay Channels

A relay channel is reversely degraded if the received signal at the relay is the de-

graded form of the received signal at the receiver. Formally, a relay channel (X ×

X1, p(y, y1|x, x1),Y × Y1) is said to be reversely degraded if

p(y, y1|x, x1) = p(y|x, x1)p(y1|y, x1).

For this model of the channel, the broadcast bound of the cutset upper bound can

be simplified to

I(X;Y, Y1|X1) = I(X;Y |X1) + I(X;Y1|Y,X1)

= I(X;Y |X1).

The equality follows since Y1 is independent ofX given Y andX1 according to channel

joint probability mass function. Since we also have

I(X;Y |X1) ≤ I(X,X1;Y ),
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then we can conclude that the cutset upper bound can be simplified to

C ≤ sup
p(x,x1)

I(X;Y |X1),

which in turn can be further simplified to

C ≤ max
p(x)

max
x1∈X1

I(X;Y |X1 = x1).

The upper bound can be simply achieved by fixing the transmission at relay, i.e.,

X1 = x1 and simply encoding from the sender to the receiver.

2.4.2 Degraded Relay Channels

A relay channel is physically degraded if the received signal at the receiver is the

degraded form of the received signal at the relay. Formally, a relay channel (X ×

X1, p(y, y1|x, x1),Y × Y1) is said to be reversely degraded if

p(y, y1|x, x1) = p(y1|x, x1)p(y|y1, x1).

For this model of the channel, the broadcast bound of the cutset upper bound can

be simplified to

I(X;Y, Y1|X1) = I(X;Y1|X1) + I(X;Y |Y1, X1)

= I(X;Y1|X1).

The equality follows since Y is independent ofX given Y1 andX1 according to channel

joint probability mass function. Therefore, the cutset upper bound can be simplified
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to

C ≤ sup
p(x,x1)

min{I(X,X1;Y ), I(X;Y1|X1)}.

This upper bound can be achieved using the block Markov encoding scheme and

hence is the capacity of the degraded relay channel model.

2.4.3 Semi–Deterministic Relay Channels

A relay channel is semi–deterministic if the received signal y1 at the relay at each

time instant is a deterministic function of the transmitted signals x and x1 at sender

and relay. In other words, y1 = g(x, x1) where g(., .) is a deterministic function.

Simplifying the broadcast bound of the cutset upper bound for the semi–deterministic

relay channel model, we obtain

I(X;Y, Y1|X1) = I(X;Y1|X1) + I(X;Y |X1, Y1)

= H(Y1|X1) + I(X;Y |X1, Y1).

Hence the cutset upper bound can be rewritten as

C ≤ sup
p(x,x1)

min{I(X,X1;Y ) +H(Y1|X1) + I(X;Y |X1, Y1)}.

This upper bound can be achieved using the generalized block Markov encoding

scheme. Remember that the generalized block Markov encoding scheme establishes

the achievability of any rate R such that

R ≤ sup
p(u,x,x1)

min{I(X,X1;Y ), I(U ;Y1|X1) + I(X;Y |X1, U)},

such that U → (X,X1) → (Y, Y1) form a Markov chain. Note that in a semi–

deterministic channel, Y1 → (X,X1) → (Y, Y1) forms a Markov chain and hence we
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can choose U = Y1. Moreover, with the choice of U = Y1 we obtain

I(U ;Y1|X1) + I(X;Y |X1, U) = H(Y1|X1) + I(X;Y |X1, Y1),

which is the same expression as the broadcast bound in the cutset upper bound. This

establishes the capacity of semi–deterministic relay channel.

Note that if the relay channel is deterministic, i.e., y = f(x, x1) and y1 = g(x, x1)

where both f and g are deterministic functions, then the capacity can be similarly

shown to be

C = sup
p(x,x1)

min{H(Y ), H(Y, Y1|X1)}.

2.4.4 Relay Channels with Orthogonal Components

A relay channel with orthogonal components is a relay channel where the channel

from the transmitter to the relay is orthogonal to the channel from the sender and

relay to the receiver. In other words, transmission on direct channel from the sender

to the receiver does not affect the reception at the relay and also transmission at the

channel from the sender to the relay does not affect the received signal at the receiver.

The model of relay channel with orthogonal components is illustrated in Figure 2.3.

PSfrag replacements

Y1 : X1p(y1|xR, x1)

p(y|xD, x1)X























XR

XD

Y

Figure 2.3: Relay channel model with orthogonal components.

Formally a discrete memoryless relay channel is said to have orthogonal compo-

nents if the sender alphabet X = XD × XR and the channel can be expressed as
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p(y, y1|x, x1) = p(y|xD, x1)p(y1|xR, x1), for all (xD, xR, x1, y, y1) ∈ XD × XR × X1 ×

Y × Y1.

Theorem 2.7. The capacity of the relay channel with orthogonal components is given

by

C = sup
p(x1)p(xD|x1)p(xR|x1)

min{I(XD, X1;Y ), I(XR;Y1|X1) + I(XD;Y |X1)},

Proof. We show that any R < C is achievable using the generalized block Markov

encoding scheme. Substituting X = (XD, XR) and U = XR in the generalized block

Markov lower bound expression and assuming joint probability mass function of the

form p(x1)p(xR|x1)p(xD|x1), we obtain

I(X,X1;Y ) = I(XR, XD, X1;Y )

= I(XD, X1;Y ) + I(XR;Y |XD, X1)

= I(XD, X1;Y ),

and

I(U ;Y1|X1) + I(X;Y |X1, U) = I(XR;Y1|X1) + I(XD, XR;Y |X1, XR)

= I(XR;Y1|X1) + I(XD;Y |X1),

where equality follows by the fact that XR → X1 → Y form a Markov chain. Note

that U = XR → (X,X1) = (XD, XR, X1) → (Y, Y1) forms a Markov chain.

To prove the converse, we show that C is equal to the cutset upper bound. First
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consider the broadcast bound of the cutset upper bound

I(X;Y, Y1|X1) = I(XD, XR;Y, Y1|X1)

= I(XD, XR;Y1|X1) + I(XD, XR;Y |X1, Y1)

= I(XR;Y1|X1) + I(XD;Y1|X1, XR) + I(XD, XR;Y |X1, Y1)

(a)
= I(XR;Y1|X1) + I(XD, XR;Y |X1, Y1)

= I(XR;Y1|X1) +H(Y |X1, Y1)−H(Y |X1, XD, XR, Y1)

(b)
= I(XR;Y1|X1) +H(Y |X1, Y1)−H(Y |X1, XD)

≤ I(XR;Y1|X1) +H(Y |X1)−H(Y |X1, XD)

= I(XR;Y1|X1) + I(XD;Y |X1),

where (a) and (b) follow from the fact that XD → (X1, XR) → Y1 and (XR, Y1) →

(X1, XD) → Y each form a Markov chain, respectively.

Next consider the multi-access bound and note that

I(X,X1;Y ) = I(XD, XR, X1;Y )

= I(XD, X1;Y ) + I(XR;Y |XD, X1)

= I(XD, X1;Y ).

Thus we have shown that

C ≤ max min{I(XD, X1;Y ), I(XR;Y1|X1) + I(XD;Y |X1)},

where the maximization should be performed over the choice of joint probability mass

function p(xD, xR, x1). Note that the term I(XR;Y1|X1) only depends on p(xR, x1)

and the other two terms only depend on the choice of p(xD, x1). Therefore, without

loss of generality we can restrict the optimization over the choice of joint probability
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mass functions of the form p(xD, xR, x1) = p(x1)p(xD|x1)p(xR|x1). This completes

the proof of the Theorem.

Note that if p(y1|xR, x1) = p(y1|xR) for all (y1, xR, x1) ∈ Y1 × XR × X1, then this

theorem reduces to a special case of the capacity region of the multiple access channel

with partially cooperating transmitters established in [25]. By setting the capacity of

the link from one of the transmitters to the other to zero, the problem studied in [25]

reduces to a special case of the relay channel with orthogonal components.

2.5 Summary

In this chapter we considered the capacity of the discrete memoryless relay channel.

The capacity of this channel can be expressed as an infinite letter characterization

which is computationally intractable. Single–letter upper and lower bounds on the

capacity were established. The best upper bound known on the capacity of the re-

lay channel is the cutset upper bound and it is tight in all the cases the capacity

of the relay channel is known. We also studied three lower bounds on the capac-

ity of the discrete memoryless relay channel. The first lower bound, i.e., the block

Markov encoding lower bound, was shown to establish the capacity of physically de-

graded relay channel. The second lower bound, i.e., the generalized block Markov

encoding lower bound, was shown to achieve the capacity of the deterministic and

semi–deterministic relay channel. Moreover, it establishes the capacity of a class of

relay channels with orthogonal components where the channel from the transmitter to

the relay is orthogonal to the channel from the transmitter and relay to the receiver.

The codebooks in the first two encoding schemes are designed such that the relay

can fully or partially decode the transmitted message. The third lower bound, i.e.,

the side–information encoding scheme, has a completely different approach and the

codebooks are designed such that the relay cannot decode the transmitted message.
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Instead the relay quantizes its received sequence and forwards this information to the

receiver. We also showed that it is possible to improve the side–information encoding

lower bound simply by using time–sharing.



Chapter 3

AWGN Relay Channels

In this chapter, we introduce and study additive white Gaussian noise (AWGN) re-

lay channels. AWGN relay channels are motivated by the wireless communication

scenario where a relay node equipped with a transmitter and receiver tries to help

communication between a sender and a receiver pair.

We consider three different models of the AWGN relay channel. The first model,

i.e., the general AWGN relay channel is depicted in Figure 4.4 and uses a single

frequency band for all transmissions. In the general AWGN relay channel model, the

received signal at the relay and at the receiver at time i ≥ 1 are given by

Y1i = aXi + Z1i, and Yi = Xi + bX1i + Zi,

where Xi and X1i are the transmitted signals by the sender and by the relay, re-

spectively. The constants a and b are positive and throughout we assume are known

constants that represent the gain of the channel from the transmitter to the relay

and the gain of the channel from the relay to the receiver respectively. We assume

the gain of the direct channel from the transmitter to the receiver is 1. We also

assume noise components Zi and Z1i are independent white Gaussian noise processes

41



CHAPTER 3. AWGN RELAY CHANNELS 42

with zero mean and power N and are identically distributed over time. Moreover, we

assume there are average power constraints P on the transmitter’s signal and γP on

the relay’s transmission where γ ≥ 0 such that for any message w ∈ W ,

n∑
i=1

x2
i (w) ≤ nP,

and for any received sequence yn1 ∈ Rn at the relay,

n∑
i=1

x2
1i ≤ nγP.

Capacity of this channel with average power constraints is denoted by C(P, γP ).
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Figure 3.1: The general additive white Gaussian noise relay channel model.

The frequency–division AWGN (FD–AWGN) relay channel models depicted in

Figure 3.2 and Figure 3.3 are motivated by the practical constraint that the relay

cannot send and receive information within the same frequency band at the same

time. To overcome this constraint, two models of FD–AWGN relay channels are

introduced where the channel from the sender to relay and the channel from the relay

to the relay to the receiver use different frequency bands.

In the first frequency–division model depicted in Figure 3.2, the channel from the

transmitter to the relay and to the receiver is divided into two channels in different

frequency bands. The relay and the sender transmit in the same frequency band.
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This channel model is named FD–AWGN relay channel model A to distinguish it

from the other frequency–division channel model in Figure 3.3.
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Figure 3.2: Frequency–division additive white Gaussian noise relay channel model–A.

The received signal at the relay and the receiver at each time instant i are given

by Y1i = aXRi +Z1i and Yi = XDi + bX1i +Zi respectively. The noise components Zi

and Z1i are independent white Gaussian noise processes with zero mean and power

N and are identically distributed over time. Capacity of this channel with average

power constraints P and γP on the sender and the relay transmissions is denoted by

CA(P, γP ).

The second frequency–division AWGN relay channel, i.e., FD–AWGN relay chan-

nel mode B, is depicted in Figure 3.3. In this model, the channel from the sender to

the relay and the receiver uses a different frequency band than the band used by the

channel from the relay to the receiver.

The received signal at the relay at each time instant i is given by Y1i = aXi +Z1i.

The received signal at the receiver from the sender and the relay at each time instant i

are given by YDi = Xi+ZDi and YRi = bX1i+ZRi respectively. The noise components

ZDi, ZRi and Z1i are independent white Gaussian noise processes with zero mean and

power N and are identically distributed over time. Capacity of this channel with

average power constraints P and γP on the sender and the relay transmissions is

denoted by CB(P, γP ).
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Figure 3.3: Frequency–division additive white Gaussian noise relay channel model–B.

In this section, we use the results of Chapter 2 to establish upper and lower bounds

on capacity of these channel models. The capacity bounds are never tight in the case

of the general AWGN relay channel model for any positive values of a and b. Capacity

of the FD–AWGN relay channel model–A is established in Section 3.2. Bounds on

capacity of the FD–AWGN relay channel model–B are established in Section 3.3 and

are shown to be tight under some restrictive conditions. A general discussion of the

lower and upper bounds on capacity of different models of AWGN relay channels and

performance of different achievability schemes will conclude this chapter.

3.1 Bounds on the Capacity of the General AWGN

Relay Channel Model

In this section we establish upper and lower bounds on the capacity of the general

AWGN relay channel. In particular, we evaluate the cutset bound for this channel

model to establish an upper bound on capacity C(P, γP ). We also establish a lower

bound by evaluating the block Markov and the generalized block Markov achievable

rates. In particular we will show that the generalized block Markov scheme does not
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provide a tighter lower bound than the block Markov lower bound. Next we establish

a side–information lower bound and show that it can improve the block Markov lower

bound in some cases. In particular, we show that as the channel from the relay to the

receiver becomes stronger, the side–information lower bound approaches the cutset

upper bound and establishes the capacity.

3.1.1 Cutset Upper Bound

Theorem 3.1. Capacity of the general AWGN relay channel subject to the average

power constraints P and γP is upper bounded by

Ĉ(P, γP )
∆
=


C

(“
a
√
γb+
√

1+a2−γb2
”2
P

(1+a2)N

)
, if a2

γb2
> 1

C
(

(1+a2)P
N

)
, otherwise,

where C(x) = 1
2
log2(1 + x).

Proof. The cutset bound establishes the following upper bound on capacity of every

relay channel

C ≤ max
p(x,x1)

min{I(X,X1;Y ), I(X;Y, Y1|X1)}.

To establish the upper bound, we should find the joint distribution that maximizes

the above expression. We begin with the first bound subject to the average power
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constraints. It can be easily shown that

I(X,X1;Y ) = h(Y )− h(Y |X,X1)

= h(Y )− 1

2
log(2πeN)

≤ 1

2
log

var(Y )

N

≤ 1

2
log

(
1 +

var(X) + b2var(X1) + 2bE(XX1)

N

)
≤ 1

2
log

(
1 +

(1 + γb2 + 2bρ
√
γ)P

N

)
,

where we define

ρ =
E(XX1)√
E(X2)E(X2

1 )
.

Note that by definition −1 ≤ ρ ≤ 1. Now, consider the second bound

I(X;Y, Y1|X1) = h(Y, Y1|X1)− h(Y, Y1|X,X1)

≤ h(Y, Y1|X1)− log 2πeN

= h(Y |X1) + h(Y1|Y,X1)− log 2πeN

≤ 1

2
log 2πeEvar(Y |X1) +

1

2
log 2πeEvar(Y1|Y,X1i)− log 2πeN

≤ 1

2
log

(
2πe

(
E(X2)− (E(XX1))

2

E(X2
1 )

+N

))

+
1

2
log

2πe

(1 + a2)
(
E(X2)− (E(XX1))2

E(X2
1 )

)
N +N2(

E(X2)− (E(XX1))2

E(X2
1 )

)
+N

− log 2πeN

=
1

2
log

(
(1 + a2)

(
E(X2)− (E(XX1))

2

E(X2
1 )

)
N +N2

)
≤ 1

2
log

(
1 +

(1 + a2)(1− ρ2)P

N

)
.



CHAPTER 3. AWGN RELAY CHANNELS 47

Therefore, the upper bound can be expressed as

C(P, γP ) ≤ max
−1≤ρ≤1

min

{
C
(

(1 + a2)(1− ρ2)P

N

)
, C
(

(1 + γb2 + 2bρ
√
γ)P

N

)}
.

Note that this upper bound can be evaluated by plugging a jointly Gaussian input

distribution with correlation coefficient ρ. In fact we have shown that subject to

the average power constraints, a jointly Gaussian input distribution simultaneously

maximizes both mutual information terms. Performing the maximization over ρ, we

can easily obtain the upper bound.

Note that the term C((1 + a2)P/N) is the sum–capacity of the broadcast side of

the channel. The interpretation of this result is that if the multi–access side of the

channel is strong enough (more precisely γb2 ≥ a2), then the broadcast sum–capacity

will be the upper bound on capacity of the general AWGN relay channel.

3.1.2 Block Markov Lower Bound

Theorem 3.2. Capacity of the general AWGN relay channel subject to the average

power constraints P and γP is lower bounded by

R(P, γP )
∆
=


C

(“
b
√
γ(a2−1)+

√
a2−γb2

”2
P

a2N

)
, if a2

1+γb2
≥ 1

C
(

max{1,a2}P
N

)
, otherwise

Proof. Proof of this theorem follows the same lines of the proof of Theorem 3.1 by

finding the optimum joint probability distribution that maximizes the following block

Markov lower bound

C ≥ max
p(x,x1)

min{I(X,X1;Y ), I(X;Y1|X1)}.
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In fact, it can be shown that

C(P, γP ) ≥ max
−1≤ρ≤1

min

{
C
(
a2(1− ρ2)P

N

)
, C
(

(1 + γb2 + 2bρ
√
γ)P

N

)}
,

which will simplify to the theorem’s statement by performing the maximization over

the choice of ρ.

Note that if a ≤ 1, the block Markov lower bound is equivalent to C(P/N) which

is the capacity of the direct link between the transmitter and the receiver. In fact,

if a ≤ 1, the block Markov encoding scheme effectively ignores the relay. The reason

is that the codebooks in the block Markov encoding schemes are generated such that

the relay can fully decode the message. If the channel from the sender to the relay is

weaker than the direct link between the sender and the receiver, every such codebook

can be used to directly send the message to the receiver without the help of the

relay. The reason is that the received signal at the receiver is stronger than the signal

received at the relay.

It might be argued that partial decoding of the message at the relay instead of

fully decoding the message might be helpful. In the next theorem, we show that

the generalized block Markov cannot improve the block Markov lower bound for

the general AWGN relay channel. Intuitively the same argument will work here and

every part of the message which is designed to be decoded by the relay can be directly

decoded by the receiver without the help of the relay.

Theorem 3.3. The generalized block Markov encoding does not improve the block

Markov encoding lower bound for the general AWGN relay channel.

Proof. We prove this theorem by finding the maximum of the following generalized
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block Markov lower bound,

C ≥ max
p(u,x,x1)

min{I(X,X1;Y ), I(U ;Y1|X1) + I(X;Y |X1, U)},

subject to the average power constraints. It is easy to verify that

I(X,X1;Y ) ≤ C
(

(1 + γb2 + 2bρ
√
γ)P

N

)
,

where ρ is the correlation coefficient between X and X1. Next consider

I(U ;Y1|X1) + I(X;Y |X1, U) = h(Y1|X1)− h(Y1|X1, U) + h(Y |X1, U)− h(Y |X,X1, U)

≤ 1

2
log

Evar(Y1|X1)

N
− h(Y1|X1, U) + h(Y |X1, U)

≤ 1

2
log

a2
(
E(X2)− E(XX1)2

E(X2
1 )

)
+N

N

−h(Y1|X1, U) + h(Y |X1, U)

≤ C
(
a2(1− ρ2)P

N

)
− h(Y1|X1, U) + h(Y |X1, U).

We now find an upper bound on h(Y |X1, U)− h(Y1|X1, U). Note that

1

2
log(2πeN) ≤ h(Y1|X1, U) ≤ 1

2
log(2πe(a2P +N)).

Therefore, there exists a constant 0 ≤ β ≤ 1 such that

h(Y1|X1, U) =
1

2
log(2πe(a2βP +N)).
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First consider the case where a < 1. Using the entropy power inequality we obtain

h(aX + Z1|X1, U) = h

(
a

(
X +

Z1

a

)∣∣∣∣X1, U

)
= h

(
X +

Z1

a

∣∣∣∣X1, U

)
+ log a

= h (X + Z + Z ′|X1, U) + log a

≥ 1

2
log
(
22h(X+Z|X1,U) + 22h(Z′|X1,U)

)
+ log a

=
1

2
log

(
22h(X+Z|X1,U) + 2πe

(
1

a2
− 1

)
N

)
+ log a

=
1

2
log

(
22h(Y |X1,U) + 2πe

(
1

a2
− 1

)
N

)
+ log a,

where Z ′ ∼ N
(
0,
(

1
a2 − 1

)
N
)

and is independent of Z. Since h(aX + Z1|X1, U) =

1
2
log(2πe(a2βP +N)), we obtain

h(Y |X1, U) ≤ 1

2
log (2πe(βP +N)) ,

and

h(Y |X1, U)− h(Y1|X1, U) ≤ 1

2
log

(
βP +N

a2βP +N

)
≤ 1

2
log

(
P +N

a2P +N

)
.

Hence, for a < 1,

I(U ;Y1|X1)+I(X;Y |X1, U) ≤ 1

2
log

(
a2(1− ρ2)P +N

N

)
+

1

2
log

(
P +N

a2P +N

)
≤ C

(
P

N

)
.

For a > 1, note that

h(Y1|X1, U) = h(aX+Z1|X1, U) = h(aX+Z|X1, U) ≥ h(X+Z|X1, U) = h(Y |X1, U),
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and hence

I(U ;Y1|X1) + I(X;Y |X1, U) ≤ C
(
a2(1− ρ2)P

N

)
.

Note that the above bounds are achieved by choosing (U,X1, X) to be jointly Gaus-

sian with zero mean and appropriately chosen covariance matrix. Performing the

maximization over ρ gives the lower bound result in Theorem 3.2. This completes

the derivation of the lower bound.

3.1.3 Side–Information Lower Bound

Theorem 3.4. Capacity of the AWGN relay channel subject to the average power

constraints P and γP is lower bounded by

R(P, γP ) = C
(
P

N

(
1 +

a2b2γP

P (1 + a2 + γb2) +N

))
.

Proof. The side–information encoding scheme establishes the following lower bound

on capacity of relay channel

max
p(x)p(x1)p(ŷ1|y1,x1)

min{I(X;Y, Ŷ1|X1), I(X,X1;Y )− I(Y1; Ŷ1|X,X1)}.

The best choice of the probability distribution is not known. We evaluate the mutual

information terms for a Gaussian distribution choice of p(x)p(x1)p(ŷ1|y1, x1). We let

X
X1

 ∼ N
0,

P 0

0 γP

 ,

and define the r.v. Ŷ1 = α(Y1 + Z ′), where α is a constant and Z ′ ∼ N (0, N ′), is

independent of X, X1, Z, and Z1.
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Now consider

h(Ŷ1|Y,X1) = EY,X1

(
1

2
log2 2πevar(Ŷ1|Y,X1)

)
=

1

2
log2 2πe

(
α2((P +N)(N +N ′) + a2PN)

P +N

)
,

h(Ŷ1|Y, Y1, X1) = EY,Y1,X1

(
1

2
log2 2πevar(Ŷ1|Y, Y1, X1)

)
=

1

2
log2 2πeα2N ′, and

h(Ŷ1|X,X1) = EX,X1

(
1

2
log2 2πevar(Ŷ1|X,X1)

)
=

1

2
log2 2πe

(
α2(N +N ′)

)
.

Using the above results we can easily show that

I(X;Y, Ŷ1|X1) = C

(
(1 + a2 N

N+N ′ )P

N

)
,

I(X,X1;Y ) = C
(

(1 + b2γ)P

N

)
, and

I(Y1; Ŷ1|X,X1) = C
(
N

N ′

)
.

Optimizing over the choice of N ′ ≥ 0 establishes the lower bound.

Note that the lower bound in Theorem 3.4 is not a concave function of P and

hence can be easily improved using time–sharing. The improved lower bound is given

in the below theorem.

Theorem 3.5. Capacity of the AWGN relay channel subject to the average power

constraints P and γP is lower bounded by

R(P, γP ) = max
0<α≤1

αC
(
P

αN

(
1 +

a2b2γP

P (1 + a2 + γb2) + αN

))
.
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Proof. We use the achievable scheme of Theorem 3.5 for a fraction α of the time

where 0 < α ≤ 1. The sender and relay do not transmit at the rest of the time. To

keep the average transmit powers fixed, the new sender power constraint and the relay

power constraint at transmission times are P/α and γP/α respectively. This scheme

achieves the above lower bound on capacity of the general AWGN relay channel.

Note that this is a special case of the Theorem 2.6 where Q ∈ {0, 1} and P{Q =

1} = 1−P{Q = 0} = α. Note that the best choice of the maximizing joint distribution

in Theorem 2.6 is not known for the general AWGN relay channel and hence this is not

necessarily the best lower bound using the side–information scheme for the general

AWGN relay channel.

Note that as b→∞, i.e., when the channel from the relay to the receiver is very

strong, the side–information lower bounds approach the broadcast bound C
(

(1+a2)P
N

)
and the lower bound is tight. The intuition is that as the channel from the relay to the

receiver becomes stronger, it becomes easier for the relay to send a perfect description

of it’s received sequence to the receiver. The receiver with perfect knowledge of the

received sequence at the relay and it’s own received sequence can decode the message

if the rate of the transmission is less than the sum–capacity of the broadcast part of

the channel.

3.1.4 Comparison of the Bounds

The cutset upper bound and the block Markov and side–information lower bounds

are compared for two sets of channel parameters in Figure 3.4 and Figure 3.5.

In Figure 3.4, the bounds are shown for a = 1 and
√
γb = 2. Note that in this case,

the side–information scheme outperforms the block Markov encoding scheme. The

broadcast side of this channel is relatively weak compared to the broadcast channel

and as we mentioned in the previous chapter, the side–information encoding performs
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well in the cases where the broadcast side of the channel is the bottleneck. As it can

be seen, even for relatively small value of b, this bound is close to the upper bound.

On the other hand, in Figure 3.5, the bounds are shown for a = 2 and
√
γb = 1. In

this case the block Markov encoding scheme outperforms the side–information scheme

and the reason as we mentioned in the previous chapter is that the multi–access side

of the channel is the bottleneck in this case.
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Figure 3.4: Comparison of the upper and lower bounds for the general AWGN relay
channel for a = 1 and

√
γb = 2.

3.2 Capacity of the FD–AWGN Relay Channel

(Model–A)

In this section, we establish the capacity of the frequency–division AWGN relay chan-

nel model–A. In particular, we show that the generalized block Markov encoding
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Figure 3.5: Comparison of the upper and lower bounds for the general AWGN relay
channel for a = 2 and

√
γb = 1.

scheme achieves the cutset upper bound and hence is the capacity of this channel.

Note that this channel can in fact be modeled as a special case of the relay channels

with orthogonal components. We established the capacity of this class of channels in

Section 2.4.4 by showing that the generalized block Markov encoding scheme achieves

the cutset upper bound. Therefore, it is not a surprising fact that the capacity of the

frequency–division AWGN relay channel model–A can be established.

Let’s denote the capacity of this channel with the average power constraints P and

γP by CA(P, γP ). The following theorem gives the capacity of this channel model.

Theorem 3.6. Capacity of the FD–AWGN relay channel model–A with average power

constraints P and γP is given by

CA(P, γP )

= max
0≤α,ρ≤1

min

{
C
(
a2(1− α)P

N

)
+ C

(
α(1− ρ2)P

N

)
, C
(

(α+ b2γ + 2bρ
√
αγ)P

N

)}
.
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Proof. Achievability is established using the generalized block Markov scheme, where

we let XD ∼ N (0, αP ) and XR ∼ N (0, (1−α)P ) be independent, and X1 ∼ N (0, γP )

be independent of XR but jointly Gaussian with XD with E(X1XD) = ρ
√
αγP . New

information is sent to the relay through XR and to the receiver through part of

XD (with power α(1 − ρ2)P ), and the relay and the rest of XD cooperatively send

information to remove the uncertainty of the receiver about the previous message.

To prove the converse, first note that from Theorem 2.7, given any (2nR, n) se-

quence of codes with P
(n)
e → 0,

C ≤ min{I(XD, X1;Y ), I(XR;Y1|X1) + I(XD;Y |X1)},

for some joint probability distribution p(x1)p(xD|x1)p(xR|x1). Since the channel

structure in this case has the special form p(y, y1|x, x1) = p(y|xD, x1)p(y1|xR), it

follows that

I(XR;Y1|X1) = H(Y1|X1)−H(Y1|X1, XR)

= H(Y1|X1)−H(Y1|XR)

≤ H(Y1)−H(Y1|XR) = I(XR;Y1).

The upper bound then reduces to

C ≤ min{I(XD, X1;Y ), I(XR;Y1) + I(XD;Y |X1)},

for some joint distribution p(xD, x1)p(xR). Now the power constraints require that

E(X2
D) + E(X2

R) ≤ P and E(X2
1 ) ≤ γP . Thus for some 0 ≤ α ≤ 1, E(X2

D) ≤ αP

and E(X2
R) ≤ (1 − α)P . Define ρ to be the correlation coefficient between XD and
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X1. It is now straightforward to show that

I(XD, X1;Y ) ≤ C
(

(α+ b2γ + 2bρ
√
αγ)P

N

)
,

The second term under the minimum can be similarly upper bounded to yield

I(XR;Y1) + I(XD;Y |X1) ≤ C
(
a2(1− α)P

N

)
+ C

(
α(1− ρ2)P

N

)
.

This completes the proof of converse.

3.3 Bounds on the Capacity of the FD–AWGN Re-

lay Channel (Model–B)

In this section, we establish upper and lower bounds on capacity of the FD–AWGN

relay channel model–B. We denote the capacity of this channel with the average power

constraints P and γP with CB(P, γP ). First we evaluate the cutset upper bound and

the block Markov lower bound on the capacity. The block Markov lower bound is

tight under some restrictions, but in general is not a tight bound on capacity. Again it

can be proved that the generalized block Markov encoding does not improve the block

Markov lower bound. Next we compute the side–information lower bound and show

that it can improve the block Markov lower bound in some specific cases. We will

show that as the channel from the relay to the receiver becomes stronger, i.e., b→∞,

the side–information lower bound approaches the cutset upper bound. Moreover, as

the average power limit increases, i.e., P →∞, this lower bound becomes tight.
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3.3.1 Cutset Upper Bound

Theorem 3.7. Capacity of the FD–AWGN relay channel model–B subject to the

average power constraints P and γP is upper bounded by

ĈB(P, γP ) =


C
(
P
N

)
+ C

(
γb2P
N

)
, if a2

γb2( PN+1)
≥ 1

C
(

(1+a2)P
N

)
, otherwise.

Proof. Applying the cutset upper bound for this channel model with replacing Y =

(YD, YR), we obtain the following lower bound on capacity of this channel

C ≤ max
p(x,x1)

min{I(X,X1;YD, YR), I(X;YD, YR, Y1|X1)}.

To establish the upper bound, we should find the joint distribution that maximizes

the above expression. We begin with the first bound subject to the average power

constraints. It is easy to show that

I(X,X1;YD, YR) = I(X;YD, YR) + I(X1;YD, YR|X)

= I(X;YD) + I(X;YR|YD) + I(X1;YR|X) + I(X1;YD|X,YR)

= I(X;YD) + I(X;YR|YD) + I(X1;YR|X)

≤ C
(
P

N

)
+ C

(
γb2ρ2NP

(γb2P (1− ρ2) +N)(P +N)

)
+ C

(
γb2P (1− ρ2)

N

)
.
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Similarly, it can be shown that

I(X;Y1, YD, YR|X1) = I(X;Y1|X1) + I(X;YD|X1, Y1) + I(X;YR|X1, Y1, YD)

= I(X;Y1|X1) + I(X;YD|X1, Y1)

= h(Y1|X1)− h(Y1|X,X1) + h(YD|X1, Y1)− h(YD|X,X1, Y1)

≤ h(Y1|X1) + h(YD|X1, Y1)− log 2πeN

= h(Y1|X1) + h(YD|Y1)− log 2πeN

≤ 1

2
log 2πeEvar(Y1|X1) +

1

2
log 2πeEvar(YD|Y1)− log 2πeN

= C
(
a2P (1− ρ2)

N

)
+ C

(
P

a2P +N

)
.

Both terms are maximized for ρ = 0. As a result the following upper bound on

capacity can be established

C ≤ min

{
C
(
P

N

)
+ C

(
γb2P

N

)
, C
(

(1 + a2)P

N

)}
.

Note that this upper bound can be obtained by evaluating the cutset upper bound

terms with independent Gaussian distribution for X and X1. The upper bound in

the theorem can be readily established.

Note that the term C((1 + a2)P/N) is the sum–capacity of the broadcast side

of the channel and if the multi–access side of the channel is strong enough, then it

becomes the upper bound on capacity of the FD–AWGN relay channel model–B.
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3.3.2 Block Markov Lower Bound

Theorem 3.8. Capacity of the FD–AWGN relay channel model–B subject to the

average power constraints P and γP is lower bounded by

RB(P, γP ) =


C
(
P
N

)
+ C

(
γb2P
N

)
, if a2

1+γb2( PN+1)
≥ 1

C
(

max{1,a2}P
N

)
, otherwise.

Proof. The block Markov encoding scheme establishes the following lower bound on

capacity of the FD–AWGN relay channel model–B

C ≥ max
p(x,x1)

min{I(X,X1;YD, YR), I(X, Y1|X1)}.

Evaluating the mutual information terms with the choice of independent Gaussian

probability distributions with zero mean and variances P and γP respectively, estab-

lishes the following lower bound on capacity of the FD–AWGN relay channel model–B

for values of a > 1.

min

{
C
(
a2P

N

)
, C
(
P

N

)
+ C

(
b2γP

N

)}
.

It can be proved that the independent choice of the joint probability distribution in

fact maximizes the mutual information terms. For values of a < 1, the best lower

bound is C(P/N). Simplifying this expression readily proves the lower bound in

theorem.

Note that again if a < 1, the block Markov encoding scheme is not effective and
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the best block Markov encoding strategy is to simply ignore the relay. Moreover, if

a2 > 1 + γb2
(

1 +
b2P

N

)
,

the block Markov lower bound becomes tight and establishes the capacity of the

channel. The capacity in this case is given by C(P/N) + C(b2γP/N). This is clearly

the case where the multi–access side of the channel is the bottleneck. In this case

the broadcast side of the channel is strong enough and the capacity is given by the

sum–capacity of the multi–access side of the channel.

Theorem 3.9. The generalized block Markov encoding does not improve the block

Markov encoding lower bound for the general AWGN relay channel.

Proof. The proof follows the same lines of to the proof of Theorem 3.3 for the general

AWGN relay channel. We prove this theorem by finding the maximum of the following

generalized block Markov lower bound,

C ≥ max
p(u,x,x1)

min{I(X,X1;YD, YR), I(U ;Y1|X1) + I(X;YD, YR|X1, U)},

subject to the average power constraints. It is easy to verify that

I(X,X1;YD, YR) ≤ C
(
P

N

)
+ C

(
b2γP

N

)
.
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Next consider

I(U ;Y1|X1) + I(X;YD, YR|X1, U) = h(Y1|X1)− h(Y1|X1, U)

+h(YD, YR|X1, U)− h(YD, YR|X,X1, U)

≤ 1

2
log

Evar(Y1|X1)

N
− h(Y1|X1, U) + h(YD|X1, U)

≤ 1

2
log

a2E(X2)

N
− h(Y1|X1, U) + h(YD|X1, U)

≤ C
(
a2P

N

)
− h(Y1|X1, U) + h(YD|X1, U).

We now find an upper bound on h(YD|X1, U)− h(Y1|X1, U). Note that

1

2
log(2πeN) ≤ h(Y1|X1, U) ≤ 1

2
log(2πe(a2P +N)).

Therefore, there exists a constant 0 ≤ β ≤ 1 such that

h(Y1|X1, U) =
1

2
log(2πe(a2βP +N)).

First consider the case where a < 1. Using the entropy power inequality we obtain

h(aX + Z1|X1, U) = h

(
a

(
X +

Z1

a

)∣∣∣∣X1, U

)
= h

(
X +

Z1

a

∣∣∣∣X1, U

)
+ log a

= h (X + ZD + Z ′|X1, U) + log a

≥ 1

2
log
(
22h(X+ZD|X1,U) + 22h(Z′|X1,U)

)
+ log a

=
1

2
log

(
22h(X+ZD|X1,U) + 2πe

(
1

a2
− 1

)
N

)
+ log a

=
1

2
log

(
22h(YD|X1,U) + 2πe

(
1

a2
− 1

)
N

)
+ log a,

where Z ′ ∼ N
(
0,
(

1
a2 − 1

)
N
)

and is independent of Z. Since h(aX + Z1|X1, U) =
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1
2
log(2πe(a2βP +N)), we obtain

h(YD|X1, U) ≤ 1

2
log (2πe(βP +N)) ,

and

h(YD|X1, U)− h(Y1|X1, U) ≤ 1

2
log

(
βP +N

a2βP +N

)
≤ 1

2
log

(
P +N

a2P +N

)
.

Hence, for a < 1,

I(U ;Y1|X1)+I(X;Y |X1, U) ≤ 1

2
log

(
a2(1− ρ2)P +N

N

)
+

1

2
log

(
P +N

a2P +N

)
≤ C

(
P

N

)
.

For a > 1, note that

h(Y1|X1, U) = h(aX+Z1|X1, U) = h(aX+Z|X1, U) ≥ h(X+ZD|X1, U) = h(YD|X1, U),

and hence

I(U ;Y1|X1) + I(X;YD, YR|X1, U) ≤ C
(
a2P

N

)
.

Note that the above bounds are achieved by choosing (U,X1, X) to be jointly Gaus-

sian with zero mean and appropriately chosen covariance matrix and X and X1 are

independent given U . This completes the derivation of the lower bound and completes

the proof of the theorem.
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3.3.3 Side–Information Lower Bound

Theorem 3.10. Capacity of the FD–AWGN relay channel subject to the average

power constraints P and γP is lower bounded by

RB(P, γP ) = C
(
P

N

(
1 +

a2γb2P (P +N)

a2PN + (P +N)(γb2P +N)

))
.

Proof. The side–information encoding scheme establishes the following lower bound

on capacity of relay channel

max
p(x)p(x1)p(ŷ1|y1,x1)

min{I(X;YD, YR, Ŷ1|X1), I(X,X1;YD, YR)− I(Y1; Ŷ1|X,X1)}.

The best choice of the probability distribution is not known. We evaluate the mutual

information terms for a Gaussian distribution choice of p(x)p(x1)p(ŷ1|y1, x1). We let

X
X1

 ∼ N
0,

P 0

0 γP

 ,

and define the r.v. Ŷ1 = α(Y1 + Z ′), where α is a constant and Z ′ ∼ N (0, N ′), is

independent of X, X1, Z, and Z1.

Evaluating the mutual information terms and optimizing over the choice of N ′ ≥ 0

establishes the lower bound.

Note that the lower bound in Theorem 3.10 is not a concave function of P and

hence can be easily improved using time–sharing. Moreover, since the channel from

the relay to the receiver is on a different frequency band, time–sharing over this

channel is sub–optimal. Therefore, the lower bound can be improved by time–sharing

over the broadcast part of the channel. The improved lower bound is given in the

following theorem.
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Theorem 3.11. Capacity of the FD–AWGN relay channel model–B subject to the

average power constraints P and γP is lower bounded by

R(P, γP ) = max
0<α≤1

αC
(
P

αN

(
1 +

a2

1 + η

))
,

where η is given by

η =
1 + a2P

P+αN

−1 +
(
1 + γb2P

N

) 1
α

.

Proof. Achievability of any rate

R ≤ max min
{
I(X;YD, YR, Ŷ1|X1, Q), I(X,X1;YD, YR|Q)− I(Y1; Ŷ1|X,X1, Q)

}
,

was shown in Theorem 2.6 where maximization is performed over the choice of joint

probability mass functions of the form p(q)p(x|q)p(x1|q)p(ŷ1|y1, x1, q). We now eval-

uate the mutual information terms for the AWGN relay channel. The optimal choice

of probability mass functions are not known. We assume the random variable Q has

cardinality 2 and takes values in {0, 1}. We further assume P{Q = 1} = α. Con-

sider X as a Gaussian random variable with variance P
α

if Q = 1 and zero otherwise.

Furthermore, assume X1 is a Gaussian random variable with variance γP irrespec-

tive of the value of random variable Q and independent of X. Define the random

variable Ŷ1 = 0 if Q = 0, and Ŷ1 = θ(Y1 + Z ′) if Q = 1, where θ is a constant and

Z ′ ∼ N (0, N ′), is independent of Q, X, X1, Z, and Z1.
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Now consider

h(Ŷ1|X1, YD, Q = 1) = EX1,YD

(
1

2
log 2πevar(Ŷ1|yD, x1)

)
=

1

2
log 2πeθ2

(
N +N ′ +

a2PN

P + αN

)
,

h(Ŷ1|Y1, Q = 1) = EY1

(
1

2
log 2πevar(Ŷ1|y1)

)
=

1

2
log 2πeθ2N ′,

h(Ŷ1|X,X1, Q = 1) = EX,X1

(
1

2
log 2πevar(Ŷ1|x, x1)

)
=

1

2
log 2πeθ2(N +N ′).

Using the above results we can easily show that

I(X;YD, YR, Ŷ1|X1, Q) = I(X;YD|X1, Q) + I(X; Ŷ1|X1, YD, Q) + I(X;YR|X1, Ŷ1, YD, Q)

= I(X;YD|X1, Q) + I(X; Ŷ1|X1, YD, Q)

= αC
(
P

αN

)
+ αC

(
a2PN

(P + αN)(N +N ′)

)
,

I(X,X1;YD, YR|Q) = I(X,X1;YD|Q) + I(X,X1;YR|YD, Q)

= I(X;YD|Q) + I(X1;YD|X,Q) + I(X1;YR|YD, Q) + I(X;YR|X1, YD, Q)

= I(X;YD|Q) + I(X1;YR|YD, Q)

= I(X;YD|Q) + I(X1;YR|Q)

= αC
(
P

αN

)
+ C

(
γb2P

N

)
,

I(Y1; Ŷ1|X,X1, Q) = αC
(
N

N ′

)
.

Combining the above results, it can be shown that any rate

R ≤ max
0<α≤1,N ′≥0

αC
(
P

αN

)
+min

{
C
(
γb2P

N

)
− αC

(
N

N ′

)
, αC

(
a2PN

(P + αN)(N +N ′)

)}
,
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is achievable. It can be shown that the value of N ′ that maximizes the above expres-

sion is given by,

N ′ =
N + a2PN

P+αN

−1 +
(
1 + γb2P

N

) 1
α

.

Replacing N ′ and simplifying the lower bound expression, we obtain the lower bound

in the theorem.

Note that as b → ∞, i.e., when the channel from the relay to the receiver is

very strong, the side–information lower bounds approach the broadcast upper bound

C
(

(1+a2)P
N

)
and the lower bound is tight. The intuition is that as the channel from

the relay to the receiver becomes stronger, it becomes easier for the relay to send a

perfect description of its received sequence to the receiver. The receiver with perfect

knowledge of the received sequence at the relay and its own received sequence can

decode the message if the rate of the transmission is less than the sum–capacity of

the broadcast part of the channel. This also happens for the general AWGN relay

channel.

In contrast with the general AWGN relay channels, in the FD–AWGN relay chan-

nel model–B, as P →∞, the side–information lower bounds approach the broadcast

upper bound C
(

(1+a2)P
N

)
and the lower bound is tight. The intuition again is that

as the channel from the relay to the receiver becomes stronger, it becomes easier for

the relay to send a perfect description of its received sequence to the receiver. The

reason this is not the case for the general AWGN relay channel is that in the general

AWGN relay channels, the transmission from the relay to the receiver plays the role

of interference for the transmission on the direct channel and this happens as P →∞.

However, in the case of the FD–AWGN relay channel model–B, the side–information

is transmitted in a different frequency–band and therefore, the transmissions from

the sender and the relay do not interfere with each other.
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3.3.4 Comparison of the Bounds

The cutset upper bound and the block Markov and side–information lower bounds

are compared for two sets of channel parameters in Figure 3.6 and Figure 3.7.

In Figure 3.6, the bounds are shown for a = 1 and
√
γb = 2. Note that in this case,

the side–information scheme outperforms the block Markov encoding scheme. The

broadcast side of this channel is relatively weak compared to the broadcast channel

and as we mentioned in the previous chapter, the side–information encoding performs

well in the cases where the broadcast side of the channel is the bottleneck. As it can

be seen, even for relatively small value of b, this bound is close to the upper bound.

Moreover, as P → ∞ the gap between the side–information lower bound and the

cutset upper bound closes.

On the other hand, in Figure 3.7, the bounds are shown for a = 2 and
√
γb = 1. In

this case the block Markov encoding scheme outperforms the side–information scheme

for small values of P and the reason, as we mentioned in the previous chapter, is that

the multi–access side of the channel is the bottleneck in this case. For small values of

P , the block Markov lower bound is tight and establishes the capacity. However, as

P →∞ the side–information scheme performs better than the block Markov encoding

scheme and closes the gap with the cutset upper bound.

3.4 Summary

In this chapter we considered the capacity of additive white Gaussian noise relay

channels. First we introduced three models of AWGN relay channel which are moti-

vated by the relaying in a wireless setting. We established upper and lower bounds

on capacity of these channels subject to the average power constraints at the sender

and the relay.

The first model considered in this section, i.e., the general AWGN relay channel,
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Figure 3.6: Comparison of the upper and lower bounds for the FD–AWGN relay
channel model–B for a = 1 and

√
γb = 2.
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Figure 3.7: Comparison of the upper and lower bounds for the FD–AWGN relay
channel model–B for a = 2 and

√
γb = 1.
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is a single frequency band channel model where all the transmitters and receivers

operate at the same frequency band. We found upper and lower bounds that never

match, except when the channel from the relay to the receiver becomes stronger, the

lower bound approaches the upper bound.

The second model, i.e., the frequency–division AWGN relay channel model–A, is a

two frequency band channel model where the transmitter uses two different frequency

bands to transmit to the relay and to the receiver. We showed that the capacity of

this channel can be achieved using the generalized block Markov encoding scheme.

Finally, the third model we considered in this chapter is the frequency–division

AWGN relay channel model–B, where the relay uses a different frequency band to

transmit to the receiver than the frequency band used by the sender to transmit to

the relay and the receiver. We were able to establish the capacity of this channel

model in some specific cases and found upper and lower bounds in other cases. In

particular, we were able to show that the side–information lower bound approaches

the upper bound as the channel from the relay to the receiver becomes stronger or as

the average transmit power increases.



Chapter 4

Linear Relaying for AWGN Relay

Channels

In this chapter, we study different additive white Gaussian noise relay channel models

where the functionality of relay is limited to simply transmitting a linear combina-

tion of its passed received symbols at the relay. In mathematical terms, the relay

transmission x1i at each time i can only be a linear combination of the past received

symbols y11, y12, . . . , y1(i−1) at the relay, i.e.,

x1i =
i−1∑
j=1

dijy1j.

In matrix notation, if Yk
1 = [Y11Y12 . . . Y1k]

T represents the set of received symbols at

relay up to time k, the relay transmission vector Xk
1 = [X11X12 . . . X1k]

T is related to

Yk
1 by

Yk
1 = DXk

1,

where D is the strictly lower triangular k × k matrix of linear coefficients.

The relay task in this case is very simple and easily implementable, hence this

71
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study is of practical importance. Moreover, we show that in some cases, this sim-

ple encoding and decoding can outperform much more sophisticated coding schemes

we studied in chapter 3, namely the block Markov and side–information encoding

schemes.

First, we consider the linear relaying for the general AWGN relay channel model.

We show with an example that even a suboptimal linear relaying scheme for this

channel can outperform the block Markov encoding and side–information encoding

schemes in some cases. Unfortunately, finding the best linear relaying scheme for this

channel involves solving an infinite set of non–convex optimization problems.

Next, we consider the linear relaying for the FD–AWGN relay channel model–B.

We first show that a linear relaying scheme in this case can also outperform the block

Markov encoding scheme in some cases. Moreover in this case we find a single–letter

characterization of the capacity of the channel with linear relaying.

4.1 Linear Relaying for the General AWGN Relay

ChannelPSfrag replacements

a b

1
X

Y1 : X1

Y

Z

Z1

Figure 4.1: The general AWGN relay channel model.

Capacity of the general AWGN relay channel with linear relaying denoted by
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CL(P, γP ) is given by

CL(P, γP ) = sup
k
CL
k (P, γP ) = lim

k→∞
CL
k (P, γP ),

where

CL
k (P, γP ) =

1

k
sup

PXk , D :
Pk
i=1 E(X2

i ) ≤ kP,

maxyn
1

“Pk
i=1 x

2
1i

”
≤ kγP

I(Xk;Yk).

Note that CL
1 (P, γP ) = C(P/N). Also note that by a standard random coding argu-

ment, any rate less than CL
k (P, γP ) is achievable. For any choice of matrix D, it is

easy to verify that the optimal choice of the input probability distribution is a zero

mean Gaussian distribution. Denoting the covariance matrix of Xk by Σx, it is easy

to show that

CL
k (P, γP ) =

1

2k
max
Σx,D

log
|(I + abD)Σx(I + abD)T +N(I + b2DDT )|

|N(I + b2DDT )|
,

subject to Σx � 0, tr(Σx) ≤ kP , tr(a2DΣxD
T + NDDT ) ≤ kγP , and dij = 0, for

j ≥ i. For k > 2, this is a non–convex optimization problem. Thus finding CL(P, γP )

involves solving a sequence of non–convex optimization problems, a daunting task

indeed! Interestingly, we can show that even a sub–optimal linear relaying scheme

can outperform the block Markov lower bound.

Example: Consider the following linear relaying scheme for the general AWGN relay

channel with block length k = 2. In the first transmission, the sender’s signal is X1 ∼

N (0, 2βP ), for 0 < β ≤ 1, and the relay’s signal is X11 = 0. The received signal at

the receiver and the relay receiver are Y1 = X1+Z1 and Y11 = aX1+Z11, respectively.

In the second transmission, the sender’s signal is X2 =
√

(1− β)/βX1, i.e., a scaled

version of X1 with average power 2(1 − β)P . The relay cooperates with the sender

by relaying a scaled version of Y11, X12 = dY11, where d =
√

2γP/(2a2βP +N) is
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chosen to satisfy the relay sender power constraint. Thus,

Σx = 2P

 β
√
β(1− β)√

β(1− β) 1− β

 , D =

0 0

d 0

 .
The received signal after the second transmission is given by Y2 = X2 + dbY11 + Z2.

This establishes the following lower bound on CL
2 (P, γP )

CL
2 (P, γP ) ≥ 1

2
I(X1, X2;Y1, Y2) = max

0≤β≤1

1

2
C

2βP

N

1 +

(√
1−β
β

+ abd
)2

1 + b2d2


 ,

where d =
√

2γP/(2a2βP +N).

This scheme is not optimal even among linear relaying schemes with block length

k = 2. However, as demonstrated in Figure 4.3, the lower bound it establishes is

tighter than the block Markov and side–information encoding schemes in some cases.
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Figure 4.2: Sub–optimal linear relaying scheme of block length k = 2 for the general
AWGN relay channel model.
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4.2 Linear Relaying for the FD–AWGN Relay Chan-

nel Model–B

In this section, we consider the linear relaying for the FD–AWGN relay channel

model–B. We first present an infinite letter characterization of the capacity of this

channel model with linear relaying. Then we show that a linear relaying scheme can

outperform the block Markov encoding scheme in some cases. Moreover we find a

single–letter characterization of the capacity of the channel with linear relaying.

Since the channel from the relay to the receiver uses a different frequency band

than the channel from the sender, without loss of generality we assume that ith relay

transmission can depend on all received signals up to i (instead of i− 1). With this

relabeling, for block length k, the transmitted vector Xk = [X1, X2, . . . , Xk]
T , the

transmitted relay vector Xk
1 = [X11, X12, . . . , X1k]

T = DYk
1 , where D is a lower trian-

gular weight matrix with possibly non–zero diagonal elements, and the received vector

Yk = [Yk
D
T
,Yk

R
T
]T , where Yk

D = [YD1, YD2, . . . , YDk]
T and Yk

R = [YR1, YR2, . . . , YRk]
T .

The capacity with linear relaying can be expressed as

CB−L
k (P, γP ) =

1

k
sup

PXk , D :
Pk
i=1 E(X2

i ) ≤ kP,

maxyn
1

“Pk
i=1 x

2
1i

”
≤ kγP

I(Xk;Yk).

It can be easily shown that the above maximization is achieved when Xk is Gaussian.

Denoting the covariance of Xk by Σx, we can reduce the optimization problem to

CB−L
k (P, γP ) =

1

2k
max
Σx,D

log

∣∣∣∣∣∣Σx +NI abΣxD
T

abDΣx a2b2DΣxD
T +N(I + b2DDT )

∣∣∣∣∣∣∣∣∣∣∣∣N
 I 0

0 I + b2DDT

∣∣∣∣∣∣
,
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Figure 4.3: Comparison of the upper and lower bounds for the general AWGN relay
channel for a = 1 and

√
γb = 2.
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Figure 4.4: The FD–AWGN relay channel model–B.



CHAPTER 4. LINEAR RELAYING FOR AWGN RELAY CHANNELS 77

where the maximization is subject to Σx � 0, tr(Σx) ≤ kP , tr(a2DΣxD
T +NDDT ) ≤

kγP and dij = 0 for i > j. This is again a non–convex optimization problem and

finding CB−L(P, γP ) reduces to solving a sequence of such problems indexed by k.

Luckily in this case we can solve the problem analytically and find a simple “single–

letter” characterization of capacity. Before proceeding to prove this result, consider

the following simple amplify–and–forward scheme.

Example: We consider block length k = 1. It is easy to show that

CB−L
1 (P, γP ) = C

(
P

N

(
1 +

a2γb2P

(a2 + γb2)P +N

))
,

which can be achieved by the simple amplify–and–forward scheme depicted in Fig-

ure 4.5, with X1 ∼ N (0, P ) and X11 =
√

γP
a2P+N

Y1.
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Figure 4.5: Linear relaying for the FD–AWGN relay channel model–B with block–
length k = 1.

It can be shown that if ab
√
γ < 1/

√
2, then CB−L

1 (P, γP ) is a concave function of

P . Otherwise, it is convex for small values of P and concave for large values of P . The

interpretation is that as P is decreased, linear relaying injects more noise than signal,

thus becoming less helpful. The effectiveness of linear relaying can be improved for

small P by transmitting at power P/α for a fraction 0 < α ≤ 1 of the time, and

not transmitting the rest of the time. Using this time–sharing argument, any rate
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less than max0<α≤1 αC
B−L
1 (P/α, γP/α) is achievable. As illustrated in Figure 4.6

maximizing over α corresponds to finding the tangent to CB−L
1 (P, γP ) that passes

through the origin, or finding P0 such that

∂CB−L
1 (P, γP )

∂P

∣∣∣∣
P=P0

=
CB−L

1 (P0, γP0)

P0

.

Thus, for 0 ≤ P ≤ P0, max0<α≤1 αC
B−L
1 (P/α, γP/α) = P

P0
CB−L

1 (P0, γP0) and is

achieved by time–sharing between P = P0 and P = 0.

PSfrag replacements
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CB−L

1
(P0, γP0)

Figure 4.6: Improving CB−L
1 (P, γP ) with time–sharing.

Theorem 4.1. The capacity of FD–AWGN relay channel model–B with linear relay-

ing functions is given by

CFD−L(P, γP ) = max
α, θ, η

α0C
(
θ0P

α0N

)
+

4∑
j=1

αjC
(
θjP

αjN

(
1 +

a2b2ηj
1 + b2ηj

))
,

where α = [α0, α1, . . . , α4], subject to αj, θj ≥ 0, ηj > 0,
∑4

j=0 αj =
∑4

j=0 θj = 1,

and
∑4

j=1 ηj (a2θjP +Nαj) = γP .
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Proof. We first outline the proof. The main difficulty in solving the optimization

problem is that it is not concave in Σx and D. However, for any fixed D, the prob-

lem is concave in Σx and the optimal solution can be readily obtained using convex

optimization techniques [33]. We show that for any matrix D, there exists a diagonal

matrix L whose associated optimal covariance matrix Ψ is also diagonal and such

that the value of the objective function for the pair (D,Σx) is the same as that for

the pair (L,Ψ). Hence the search for the optimal solution can be restricted to the set

of diagonal D and Σx matrices. The reduced optimization problem, however, remains

non–convex. We show that at the limit, this optimization problem can be converted

to a new optimization problem with a limited number of optimization parameters.

Simplifying the expression for CB−L
k (P, γP ), the optimization problem can be

expressed as

CB−L
k (P, γP ) = max

Σx,D

1

2k
log

∣∣∣∣∣∣∣I +
1

N

 I

ab(I + b2DDT )−
1
2D

Σx

 I

ab(I + b2DDT )−
1
2D

T
∣∣∣∣∣∣∣ ,

subject to Σx � 0, tr(Σx) ≤ kP and tr(a2DΣxD
T + NDDT ) ≤ kγP , where D is a

lower triangular matrix.

Finding the optimal Σx for any fixed D is a convex optimization problem [33].

Defining

G =
1√
N

 I

ab(I + b2DDT )−1/2D

 ,
and neglecting the 1

2k
factor, the Lagrangian for this problem can be expressed as

L(Σx,Φ, λ, µ) = − log |I+GΣxG
T |−tr(ΦΣx)+λ(tr(Σx)−kP )+µ(tr(a2DΣxD

T+NDDT )−kγP ).
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The Karush–Kuhn–Tucker (KKT) conditions for this problem are given by

λI + µa2DTD = GT
(
I +GΣxG

T
)−1

G+ Φ,

−Σx � 0 ⇔ tr(ΦΣx) = 0,

tr(Σx) ≤ kP ⇔ λ(tr(Σx)− kP ) = 0,

tr(a2DΣxD
T +NDDT ) ≤ kγP ⇔ µ(tr(a2DΣxD

T +NDDT )− kγP ) = 0,

where λ, µ ≥ 0. Now if UHV T is the singular value decomposition of G and FLQT

is the singular value decomposition of D, then

V H2V T = GTG =
1

N
Q(I + a2b2L(I + b2L2)−1L)QT .

Columns of matrices V and Q are eigenvectors of the symmetric matrix GTG. Hence

V TQ andQTV are permutation matrices. As a result, V TDTDV = V TQL2QTV = L2

is a diagonal matrix and therefore, DTD = V ΛV T where Λ = L2. Therefore, the first

KKT condition can be simplified to

λI + µa2Λ = H
(
I +HV TΣxV H

)−1
H + V TΦV.

Since the KKT conditions are necessary and sufficient for optimality, it follows that

Σx must have the same set of eigenvectors V , i.e., Σx = VΨV T , where Ψ is a diagonal

matrix. The dual matrix Φ can be chosen to have the same structure, i.e., Φ = VΘV T

and tr(ΣxΦ) = tr(ΨΘ) = 0, hence satisfying the KKT conditions. As a result, the

expression can be simplified to

CB−L
k (P, γP ) =

1

2k
max
Ψ,Λ

log

∣∣∣∣I +
1

N
Ψ(I + a2b2Λ(I + b2Λ)−1)

∣∣∣∣ ,
where Ψ and Λ are diagonal matrices. Since this expression is independent of V , we
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can set V = I. Hence, the search for the optimal matrices D and Σx can be limited

to the space of diagonal matrices Ψ and Λ. In particular, if DTD = V ΛV T , then the

diagonal matrix L =
√

Λ.

Thus, the maximization problem can be simplified to the following

CB−L
k (P, γP ) =

1

2k
max

ψ1, . . . , ψk

λ1, . . . , λk

log
k∏
i=1

(
1 +

1

N
ψi

(
1 +

a2b2λi
1 + b2λi

))
,

subject to ψi ≥ 0, λi ≥ 0, for i = 1, 2, . . . , k,
∑k

i=1 ψi ≤ kP , and
∑k

i=1 λi(a
2ψi+N) ≤

kγP .

First, it is easy to see that at the optimum point,
∑k

i=1 ψi = kP and
∑k

i=1 λi(a
2ψi+

N) = kγP . Note that the objective function is an increasing function of λi. Therefore,

if
∑k

i=1 λi(a
2ψi + N) < kγP , we can always increase the value of objective function

by increasing λj assuming that ψj 6= 0. Now we show that
∑k

i=1 ψi = kP . It is easy

to verify that ∂
∂ψj

(
1 + 1

N
ψj

(
1 +

a2b2λj
1+b2λj

))
is positive along the curve λj(a

2ψj +N) =

const.. Therefore, while keeping
∑k

i=1 λi(a
2ψi + N) fixed at kγP , we can always

increase the objective function by increasing ψj and hence
∑k

i=1 ψi = kP .

Note that at the optimum, if ψj = 0, then we must have λj = 0. However, if

λj = 0, the value of ψj is not necessarily equal to zero. Without loss of generality,

assume that at the optimum, λj = 0 for the first 0 ≤ k0 ≤ k indices, and that the

total power assigned to the k0 indices is given by
∑k0

j=1 ψj = θ0kP , for 0 ≤ θ0 ≤ 1.

Then by convexity

log

k0∏
j=1

(
1 +

1

N
ψj

(
1 +

a2b2λj
1 + b2λj

))
= log

k0∏
j=1

(
1 +

1

N
ψj

)
≤ k0 log

(
1 +

θ0kP

k0N

)
,

where the upper bound can be achieved by redistributing the power as ψj = θ0kP
k0

, for

1 ≤ j ≤ k0. Now we show that at the optimum, there are no more than four (ψj, λj)
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distinct pairs such that ψj > 0 and λj > 0. Including the case where λj = 0, we

therefore conclude that there are at most five distinct (ψj, λj) pairs for any k ≥ 5.

Therefore, we prove that

CB−L
k (P, γP ) =

1

2k
max
k, θ, η

log

[(
1 +

θ0kP

k0N

)k0 4∏
j=1

(
1 +

θjkP

kjN

(
1 +

a2b2ηj
1 + b2ηj

))kj]
,

where k = [k0, k1, . . . , k4], θ = [θ0, θ1, . . . , θ4], η = [η1, η2, . . . , η4], subject to θj ≥ 0,

ηj > 0,
∑4

j=0 kj = k,
∑4

j=0 θj = 1, and
∑4

j=1 ηj (a2kθjP + kjN) = kγP .

The starting point is the expression

CB−L
k (P, γP ) =

1

2k
max
k0, θ0

ψk0+1, . . . , ψk

λk0+1, . . . , λk

log

(
1 +

kθ0P

k0N

)k0 k∏
i=k0+1

(
1 +

1

N
ψi

(
1 +

a2b2λi
1 + b2λi

))
,

subject to ψi > 0, λi > 0, for i = k0 + 1, . . . , k,
∑k

i=k0+1 ψi = k(1 − θ0)P , and∑k
i=k0+1 λi(a

2ψi + N) = kγP . For a given θ0 and k0, this optimization problem is

equivalent to finding the maximum of

log
k∏

i=k0+1

(
1 +

1

N
ψi

(
1 +

a2b2λi
1 + b2λi

))
,

subject to ψi > 0, λi > 0, for i = k0 + 1, . . . , k,
∑k

i=k0+1 ψi = k(1 − θ0)P , and∑k
i=k0+1 λi(a

2ψi +N) = kγP . To find the optimality conditions of this problem, we

form the Lagrangian expression of the problem subject to the constraints

L(ψkk0+1, λ
k
k0+1, α, β)

=
k∑

i=k0+1

log

(
1 +

1

N
ψi

(
1 +

a2b2λi
1 + b2λi

))
+ α

k∑
i=k0+1

ψi + β

k∑
i=k0+1

λi(a
2ψi +N)

where α < 0 and β < 0 are Lagrange multipliers for the two equality constraints
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(the Lagrange multipliers for the inequality constraints are all equal to zero at the

optimum, since by assumption ψi > 0 and λi > 0 for all i > k0).

Taking the derivative of the Lagrangian expression, at the optimum point we

should have
∂L
∂ψi

= 0, and
∂L
∂λi

= 0, for all i = k0 + 1, . . . , k.

Computing the derivatives, we obtain the optimality conditions

1 + (1 + a2)b2λi
1 + b2λi + ψi(1 + b2λi(1 + a2))

+ α+ a2βλi = 0,

and
a2b2ψi

(1 + b2λi)(1 + b2λi + ψi(1 + b2λi(1 + a2)))
+ β(a2ψi +N) = 0.

Solving this set of equations, we obtain

ψi =
βN(1 + b2λi)(1 + (1 + a2)b2λi))

a2b2α− a2β − 2a2b2βλi − (1 + a2)a2b4βλ2
i

,

where λis are the positive roots of the fourth order polynomial equation

C4Z
4 + C3Z

3 + C2Z
2 + C1Z + C0 = 0,

with coefficients

C0 = a2b6β2(1 + a2)(N(1 + a2)− a2)

C1 = (1 + a2)b4β((1 + a2)(αNb2 − a2b2 + a2βN)− αa2b2 + 2a2βN − a4β)− 2a4b4β2

C2 = (1 + a2)b2β(−3a2b2 + 3αNb2 + αNa2b2 + 2a2βN) + a2β2b2N − 3a2β2b2(a2 + α)

C3 = (1 + a2)b2(αa2b2 + 2αβN − a2β) + a2b2(−2β + αβ(a2 − 3)α2b2) + αβNb2 − a4β2

C4 = a2(1 + α)(b2α− β) + αβN.
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This polynomial equation has at most four distinct roots for each pair α < 0 and

β < 0. Let η1, η2, η3, η4 be the roots of the equation, and substituting in optimality

conditions, we obtain four distinct values ψ1, ψ2, ψ3, ψ4. We call each pair (ψj, ηj) a

mode. Only modes with ψj > 0 and ηj > 0 are acceptable. Therefore,

CB−L
k (P, γP ) =

1

2k
max
k, θ, η

log

[(
1 +

θ0kP

k0N

)k0 4∏
j=1

(
1 +

θjkP

kjN

(
1 +

a2b2ηj
1 + b2ηj

))kj]
,

where ψj = θjP , k = [k0, k1, . . . , k4], θ = [θ0, θ1, . . . , θ4], η = [η1, η2, . . . , η4], subject

to θj ≥ 0, ηj > 0,
∑4

j=0 kj = k,
∑4

j=0 θj = 1, and
∑4

j=1 ηj (a2kθjP + kjN) = kγP .

To find CB−L(P, γP ) we need to find limk→∞CB−L
k (P, γP ). This yields

CB−L(P, γP ) = max
α, θ, η

α0C
(
θ0P

α0N

)
+

4∑
j=1

αjC
(
θjP

αjN

(
1 +

a2b2ηj
1 + b2ηj

))
,

where α = [α0, α1, . . . , α4], subject to αj, θj ≥ 0, ηj > 0,
∑4

j=0 αj =
∑4

j=0 θj = 1,

and
∑4

j=1 ηj (a2θjP +Nαj) = γP . This completes the proof of the theorem.

We have shown that the capacity with linear relaying can be computed by solving

a single-letter constrained optimization problem. The optimization problem, how-

ever, is non-convex and involves 14 variables (or 11 if we use the three equality

constraints). Finding the solution for this optimization problem in general requires

exhaustive search, which is too computationally complex for 11 variables. Noting that

the problem is convex in each set of variables α, θ and η if we fix the other two, the

following fast Monte Carlo algorithm can be developed to find a good lower bound to

the solution of the problem. We randomly choose starting values for the three sets of

variables, fix two of them and optimize over the third set. This process is continued

by cycling through the variables, until it converges to a local maximum. We then

repeat the entire process for new randomly chosen starting points many times finding
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new local maximas. We performed this heuristic several times for different channel

parameter values and in all cases the computed lower bound corresponded to no more

than two power settings, one where the relay is active and the other with the relay not

transmitting. Based on these numerical results, we conjecture that the optimization

problem can be reduced to the following simpler form,

CFD−L(P, γP ) ≥ max
0<α,θ≤1

(1−α)C
(

(1− θ)P

(1− α)N

)
+αC

(
θP

αN

(
1 +

a2b2γP

a2θP + b2γP + αN

))
.

In Figure 4.7 and Figure 4.8, we compare the capacity of the FD–AWGN relay

channel model–B with linear relaying to the cutset upper bound and the generalized

block Markov and side–information coding lower bound for a = 1 and
√
γb = 2. Note

that when a is small, the capacity with linear relaying becomes very close to the upper

bound. Further, as
√
γb → ∞, the capacity with linear relaying becomes tight. On

the other hand, as a→∞, the generalized block Markov lower bound becomes tight.

4.3 Summary

In this chapter we considered the capacity of additive white Gaussian noise relay

channels with linear relaying, i.e., the case where the transmission at relay at each

time instant can only be a linear function of the past received symbols at relay. The

linear relaying schemes are very interesting from a practical point of view, as they

are simple to implement.

First we showed that the capacity with linear relaying for the general AWGN re-

lay channel can be expressed as an infinite dimensional optimization problem which

is computationally intractable. Next we showed with an example that although the

capacity with the linear relaying cannot be computed efficiently, the scheme outper-

forms much more sophisticated encoding schemes like block Markov encoding and
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Figure 4.7: Comparison of the upper and lower bounds for the FD–AWGN relay
channel model–B for a = 1 and

√
γb = 2.
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Figure 4.8: Comparison of the upper and lower bounds for the FD–AWGN relay
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γb = 1.
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side–information encoding.

Next we showed that the capacity with linear relaying for the FD–AWGN relay

channel model–B can be given as the solution of a finite–dimensional optimization

problem. In fact this optimization problem establishes a single–letter characterization

of the capacity of the FD–AWGN relay channel model–b with linear relaying. We

also presented a fast algorithm for finding approximate solutions of the optimization

problem and gave some numerical comparisons with the block Markov and side–

information encoding schemes.



Chapter 5

Minimum Energy–per–Bit for

Relay Channels

In this chapter, we establish a general relationship between the minimum energy–

per–bit and capacity. We use this relationship together with the lower bound on

capacity based on the generalized block Markov coding scheme and the cutset upper

bound to establish upper and lower bounds on the minimum energy–per–bit. These

bounds can be very close and do not differ by more than a factor of two. For the

FD–AWGN model–A we establish the minimum energy–per–bit. For the FD–AWGN

model–B the upper and lower bounds coincide when the channel from the relay to the

receiver is worse than the direct channel, i.e., b ≤ 1. For the general AWGN model,

the bounds are never tight. Using the side–information lower bounds on the linear

relaying lower bound on capacity, we are able to close the gap between the lower and

upper bounds to less than a factor of 1.5 for the FD–AWGN model–B and 1.7 for the

general AWGN model.

88



CHAPTER 5. MINIMUM ENERGY–PER–BIT FOR RELAY CHANNELS 89

5.1 Minimum Energy–per–Bit and Capacity

In this section we establish a general relationship between minimum energy–per–

bit and capacity with average power constraints for the discrete time AWGN relay

channel. We then use this relationship and the bounds on capacity established in the

previous section to find lower and upper bounds on the minimum energy–per–bit.

The minimum energy–per–bit can be viewed as a special case of the reciprocal

of the capacity per–unit–cost [27], when the cost is average power. In [19], Verdu

established a relationship between capacity per–unit–cost and channel capacity for

stationary memoryless channels. He also found the capacity per–unit–cost region

for multiple access and interference channels. Here, we define the minimum energy–

per–bit directly and not as a special case of capacity per unit cost. We consider a

sequence of codes where the rate Rn ≥ 1/n can vary with n. This allows us to define

the minimum energy–per–bit in an unrestricted way. The energy for codeword k is

given by

E (n)(k) =
n∑
i=1

x2
i (k).

The maximum relay transmission energy is given by

E (n)
r = max

yn1

(
n∑
i=1

x2
1i

)
.

The energy–per–bit for the code is therefore given by

E (n) =
1

nRn

(
max
k
E (n)(k) + E (n)

r

)
.

An energy–per–bit E is said to be achievable if there is a sequence of (2nRn , n) codes

with P
(n)
e → 0 and lim sup E (n) ≤ E . We define the minimum energy–per–bit as the

energy–per–bit that can be achieved with no constraint on the rate.
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Definition: The minimum energy–per–bit Eb is the infimum of the set of achievable

energy–per–bit values.

Remark: Note that the definition of the energy–per–bit assigned equal cost to the

energy expended by the sender and the relay. One can easily extend the bounds in

this chapter to the case where the energy of the sender or relay is more costly by

adding a weight λ > 0 to the relay part of the energy–per–bit definition for a code.

The new definition is

E (n) =
1

nRn

(
max
k
E (n)(k) + λE (n)

r

)
.

We assume λ = 1, i.e., equal weight given to the energy consumed by the sender and

by the relay, for the rest of this chapter.

To distinguish between the minimum energy–per–bit for the general and FD–

AWGN channel models, we label the minimum energy–per–bit for the FD–AWGN

relay channel models by EA
b and EB

b . In the discussion leading to Theorem 5.2, we

derive a relationship between C(P, γP ) and Eb. The statements and results including

the theorem apply with no change if we replace C(P, γP ) by CFD(P, γP ) and Eb by

EFD
b .

First note that C(P, γP ) can be expressed as

C(P, γP ) = sup
k
Ck(P, γP ) = lim

k→∞
Ck(P, γP ),

where

Ck(P, γP ) =
1

k
sup

PXk , {fi}ki=1 :
Pk
i=1 E(X2

i ) ≤ kP,

maxyn
1

“Pk
i=1 x

2
1i

”
≤ kγP

I(Xk;Yk),

where x1i = fi(y11, . . . , y1(i−1)), and Xk = [X1, X2, . . . , Xk]
T . Note that by a standard

random coding argument, any rate less than Ck(P, γP ) is achievable. It is easy to
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argue that kCk(P, γP ) is a super–additive sequence in k, i.e., (k+m)Ck+m(P, γP ) ≥

kCk(P, γP ) + mCm(P, γP ) for any k,m ≥ 1. Hence the supremum can be replaced

with the limit. We now establish the following properties of C(P, γP ) as a function

of P .

Theorem 5.1. The capacity of the AWGN relay channel with average power con-

straints satisfies the following:

(i) C(P, γP ) > 0 if P > 0 and approaches ∞ as P →∞.

(ii) C(P, γP ) → 0 as P → 0.

(iii) C(P, γP ) is concave and strictly increasing in P .

(iv) (1+γ)P
C(P,γP )

is non–decreasing in P , for all P > 0.

Proof. (i) This follows from the fact that C (P/N) which is less than or equal to

C(P, γP ) is strictly greater than zero for P > 0, and approaches infinity as

P →∞.

(ii) This follows from the fact that the cutset upper bound expression which is

greater than or equal to C(P, γP ) approaches zero as P → 0.

(iii) Concavity follows by the following “time–sharing” argument. For any P, P ′ > 0

and ε > 0, there exists k and k′ such that C(P, γP ) < Ck(P, γP ) + ε and

C(P ′, γP ′) < Ck′(P
′, γP ′) + ε. Now, for any α = nk/(nk +mk′), where n and

m are integers,

αC(P, γP ) + (1− α)C(P ′, γP ′)

≤ αCk(P, γP ) + (1− α)Ck′(P
′, γP ′) + ε

≤ Cnk+mk′ (αP + (1− α)P ′, γ(αP + (1− α)P ′)) + ε

≤ C (αP + (1− α)P ′, γ(αP + (1− α)P ′)) + ε,
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where the second inequality follows from the fact that αCk(P, γP ) + (1 −

α)Ck′(P
′, γP ′) is achieved arbitrarily closely for some PXnk+mk′ and {fi}nk+mk

′

i=1

that is a mixture of the PXk and {gi}ki=1 that achieve Ck(P, γP ) and the PXk′ and

{hi}k
′
i=1 that achieve Ck′(P

′, γP ′) (corresponding to “time–sharing”). Clearly,

the set of “time–sharing” distributions is a subset of the set of all possible

PXnk+mk′ and {fi}nk+mk
′

i=1 . Note here that even though Ck(P, γP ) may not be

concave, C(P, γP ) = supk Ck(P, γP ) is concave.

That C(P, γP ) is strictly monotonically increasing in P follows from parts (i),

(ii), and concavity.

(iv) For any γ ≥ 0, and 0 < P1 < P2, it follows from the concavity of C(P, γP ) that

P1

P2

C(P2, γP2) +
P2 − P1

P2

C(0, 0) ≤ C(P1, γP1).

But since C(0, 0) = 0, this implies that P1

P2
C(P2, γP2) ≤ C(P1, γP1), or P1

C(P1,γP1)
≤

P2

C(P2,γP2)
. Thus for any γ ≥ 0, P (1+γ)

C(P,γP )
is non–decreasing in P .

We are now ready to establish the following relationship between the minimum

energy–per–bit and capacity with average power constraint for the AWGN relay chan-

nel.

Theorem 5.2. The minimum energy–per–bit for the AWGN relay channel is given

by

Eb = inf
γ≥0

lim
P→0

(1 + γ)P

C(P, γP )
.

Proof. We establish achievability and weak converse to show that

Eb = inf
γ≥0

inf
P>0

(1 + γ)P

C(P, γP )
.
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From part (iv) of Lemma 1, the second inf can be replaced by lim.

To show achievability, we need to show that any E > infγ≥0 infP>0
(1+γ)P
C(P,γP )

is achiev-

able. First note that there exist P ′ > 0 and γ′ ≥ 0 such that E > (1+γ′)P ′

C(P ′,γ′P ′)
=

infγ≥0 infP>0
(1+γ)P
C(P,γP )

+ ε for any small ε > 0. Now we set R = (1 + γ′)P ′/E . Us-

ing standard random coding with power constraints argument, we can show that

R < C(P ′, γ′P ′) is achievable, which proves the achievability of E .

To prove the weak converse we need to show that for any sequence of (2nRn , n)

codes with P
(n)
e → 0,

lim inf E (n) ≥ Eb = inf
γ≥0

inf
P>0

(1 + γ)P

C(P, γP )
.

Using Fano’s inequality, we can easily arrive at the bound

Rn ≤ C(Pn, γnPn) +
1

n
H(P(n)

e ) +RnP
(n)
e ,

where Pn > 0 is the maximum average codeword power and γnPn is the maximum

average transmitted relay power. Thus

Rn ≤
C(Pn, γnPn) + 1

n
H(P

(n)
e )

1− P
(n)
e

.

Now, by definition the energy–per–bit for the code is E (n) ≥ Pn(1 + γn)/Rn.

Using the bound on Rn we obtain the bound

E (n) ≥ Pn(1 + γn)(1− P
(n)
e )

C(Pn, γnPn) + 1
n
H(P

(n)
e )

.
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Therefore, we can conclude that

E (n) ≥ Pn(1 + γn)(1− P
(n)
e )

C(Pn, γnPn)(1 + 1
n
H(P

(n)
e )/C(Pn, γnPn))

≥ Eb(1− P
(n)
e )

1 + 1
n
H(P

(n)
e )/C(Pn, γnPn)

.

Now since P
(n)
e → 0 and H(P

(n)
e ) → 0, and C(Pn, γnPn) is bounded away from zero,

we obtain that lim inf E (n) ≥ Eb.

Remark: Note that the minimum energy–per–bit can be expressed as

Eb = inf
≥0

inf
P>0

inf
k

(1+)P

Ck(P, γP )

= inf
≥0

inf
k

inf
P>0

(1+)P

Ck(P, γP )
.

However, since Ck(P, γP ) is not necessarily concave, the infimum over P cannot, in

general, be replaced by a limit. In particular, if Ck(P, γP ) is not concave, Eb can be

achieved for P > 0. In this case the minimum energy–per–bit would be achieved at

a positive rate.

5.2 Bounds on the Minimum Energy–per–Bit of

the General AWGN Relay Channel Model

We now use the result of the Theorem 5.2 and bounds on capacity of the general

AWGN relay channel to establish lower and upper bounds on the minimum energy–

per–bit. First note that the minimum energy–per–bit for the direct channel, given by

2N ln 2, is an upper bound on the minimum energy–per–bit for both relay channel

models considered.
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Using Theorem 5.2 and the bounds on capacity, we obtain the lower and upper

bounds on the minimum energy–per–bit. In Theorem 5.3, using the cutset upper

bound on the capacity of the general AWGN relay channel, we find a lower bound on

minimum energy–per–bit. Moreover, we find an upper bound on minimum energy–

per–bit by using the block Markov lower bound on the capacity of the general AWGN

relay channel model.

Theorem 5.3. The minimum energy–per–bit required for reliable transmission over

the general AWGN relay channel is bounded by,

1 + a2 + b2

(1 + a2)(1 + b2)
≤ Eb

2N ln 2
≤ min

{
1,

a2 + b2

a2(1 + b2)

}
.

Proof. To prove the lower bound we use the following cutset upper bound on capacity

of the general AWGN relay channel

C(P, γP ) ≤


C

(“
ab
√
γ+
√

1+a2−γb2
”2
P

(1+a2)N

)
, if a2

γb2
> 1

C
(

(1+a2)P
N

)
, otherwise,

and the relationship of Theorem 5.2 to obtain the bound. Substituting the upper

bound and taking limits as P → 0, we obtain the expression

Eb ≥ 2N ln 2×min

 min
0≤γ<a2

b2

(1 + γ)(1 + a2)(
ab
√
γ +

√
1 + a2 − γb2

)2 , min
γ≥a2

b2

1 + γ

1 + a2

 .

To complete the derivation of the lower bound, we analytically perform the minimiza-

tion. For γ ≥ a2/b2, it is easy to see that the minimum is achieved by making γ as

small as possible, i.e., γ = a2/b2, and the minimum is given by a2+b2

b2(1+a2)
. On the other

hand, if γ < a2/b2, the minimum is achieved when γ = a2b2/(a2+b4+2b2+1) < a2/b2
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and is given by 1+a2+b2

(1+a2)(1+b2)
. Now, since 1+a2+b2

(1+a2)(1+b2)
< a2+b2

b2(1+a2)
, the minimum is given

by 1+a2+b2

(1+a2)(1+b2)
, which establishes the lower bound.

Now we turn our attention to the upper bounds on minimum energy–per–bit.

Using the following block Markov lower bound on the capacity of the general AWGN

relay channel model

C(P, γP ) ≥ R(P, γP ) =


C

(“
b
√
γ(a2−1)+

√
a2−γb2

”2
P

a2N

)
, if a2

1+γb2
≥ 1

C
(

max{1,a2}P
N

)
, otherwise,

and the relationship in Theorem 5.2, we can obtain an upper bound for a > 1. Note

that the capacity lower bound satisfies the conditions on C(P, γP ) in Lemma 1, and

therefore, the best upper bound is given by

Eb ≤ inf
γ≥0

lim
P→0

(1 + γ)P

R(P, γP )
.

Now we show that this bound gives

Eb ≤ 2N ln 2×min

{
1,

a2 + b2

a2(1 + b2)

}
.

Substituting the lower bound in Theorem 5.2 and taking the limit as P → 0, for

a > 1 we obtain

Eb ≤ 2N ln 2×min

 min
0≤γ<a2−1

b2

(1 + γ)a2(
b
√

(a2 − 1)γ +
√
a2 − γb2

)2 , min
γ≥a2−1

b2

1 + γ

a2

 .

To evaluate this bound we use the same approach we used in evaluating the lower

bound. We consider the two cases γ < (a2 − 1)/b2 and γ ≥ (a2 − 1)/b2 and find that
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the minimization is achieved for γ = (a2− 1)b2/(b4 + 2b2 + a2) < (a2− 1)/b2, and the

bound is given by the expression in the theorem. For a < 1, the best upper bound

using the generalized block Markov encoding is given by 2N ln 2. Since a2+b2

a2(1+b2)
> 1

for a < 1, this completes the proof.

The ratio of the upper bound to the lower bound of Theorem 5.3 is shown in

Figure 5.1. Note that this ratio never exceeds 2. In fact for any value of b, the

maximum ratio is when a = 1 and the maximum ratio of 2 happens when a = 1 and

b→∞. Also note that the upper bound in Theorem 5.3 is 2N ln 2 when a ≤ 1 which

is the minimum energy–per–bit of the direct transmission between the sender and

the receiver. The reason is that the block Markov encoding scheme used to establish

the upper bound in this theorem does not use the relay node when the channel from

the sender to the relay is weaker than the direct channel between the sender and the

receiver.

To improve the ratio between the upper bound and the lower bound on minimum

energy–per–bit, we should employ coding schemes that outperform the block Markov

encoding schemes for small values of a. In particular, we showed in the last two

chapters that the side–information coding scheme and the linear relaying schemes

establish tighter lower bounds on capacity when the channel from the sender to the

relay is weaker than the direct channel. Tighter lower bounds on capacity of the

general AWGN relay channel transform to tighter upper bounds on the minimum

energy–per–bit and therefore reduces the ratio between the upper bound to the lower

bound on minimum energy–per–bit.

In Chapter 3, using the side–information scheme with Gaussian input distributions

we proved the achievability of any rate R such that

R ≤ R(P, γP ) = max
0<α≤1

αC
(
P

αN

(
1 +

a2b2γP

P (1 + a2 + γb2) + αN

))
.
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Figure 5.1: Ratio of the upper bound to the lower bounds of Theorem 5.3 for the
general AWGN relay channel.

Using this lower bound on capacity, we can improve the maximum ratio to less than

1.85. Note that since R(P, γP ) is linear in P for small values of P , it is possible to

operate this scheme at its minimum energy in a positive rate. Moreover, as b → ∞,

the side–information lower bound on capacity approaches the cutset upper bound on

capacity and establishes the capacity. Therefore, the minimum energy–per–bit will

also be achieved as b→∞.

The upper bound on minimum energy–per–bit can be further improved using the

linear relaying scheme for the general AWGN relay channel model. In Chapter 4,

using a linear relaying scheme of block length k = 2, we established the achievability

of any rate R such that

R ≤ RL(P, γP ) = max
0≤β≤1

1

2
C

2βP

N

1 +

(√
1−β
β

+ abd
)2

1 + b2d2


 ,
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where d =
√

2γP/(2a2βP +N). Note that RL(P, γP ) is not in general a concave

function of P and

inf
γ≥0

inf
P≥0

(1 + γ)P

RL(P, γP )
≤ inf

γ≥0
lim
P→0

(1 + γ)P

RL(P, γP )
.

Therefore, the minimum energy–per–bit achieved by this scheme will be achieved

at a positive rate. Note that the same energy–per–bit will be achieved if we use

time–sharing with this linear relaying scheme. Using the linear relaying scheme, we

can reduce the maximum ratio of the upper bound to the lower bound on minimum

energy–per–bit to less than 1.7. Figure 5.2 shows the maximum ratio of the best

upper bound to the lower bound on minimum energy–per–bit for the general AWGN

relay channel. Note that it is possible to improve this ratio by using linear relaying

schemes with larger block length.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

b=50 

20 

10 

5 

2 

PSfrag replacements

a

R
a
ti
o

o
f
U

p
p
er

to
L
o
w

er
B

o
u
n
d
s

o
n
E

b

Figure 5.2: Ratio of the best upper bound to the lower bound of Theorem 5.3 for the
general AWGN relay channel.
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5.3 Minimum Energy–per–Bit for the FD–AWGN

Relay Channel Model–A

Capacity of the FD–AWGN relay channel model–A was established in Section 3.2

and is given by

CA(P, γP )

= max
0≤α,ρ≤1

min

{
C
(
a2(1− α)P

N

)
+ C

(
α(1− ρ2)P

N

)
, C
(

(α+ b2γ + 2bρ
√
αγ)P

N

)}
.

The minimum energy–per–bit for this channel is given in the following theorem.

Theorem 5.4. The minimum energy–per–bit required for reliable transmission over

the FD–AWGN relay channel model–A is given by

EA
b = 2N ln 2 min

{
1,

(a4 − a2 + 1)b2 + 1

a4b2

}
.

Proof. We find the minimum energy–per–bit of this channel model by evaluating

EA
b = inf

γ≥0
lim
P→∞

(1 + γ)P

CA(P, γP )
.

First note that as P → 0, we obtain

EA
b = 2N ln 2 inf

γ≥0

1 + γ

χ
,

where

χ = max
0≤α,ρ≤1

min
{
a2(1− α) + α(1− ρ2), α+ b2γ + 2bρ

√
αγ
}
.

We perform the maximization over three parameters ρ, α and γ. First note that

the first term under the min is a decreasing function of ρ and the second term is an
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increasing function. Therefore, at the optimum, the two terms should be equal. The

optimal ρ is given by

ρopt =
−2b

√
αγ + 2a

√
α(1− α)

2α
.

Replacing ρopt and optimizing over α, it can be shown that αopt = 1− a2b2γ and

χopt = a2b2γ − b2γ + 1.

The problem now reduces to finding the minimum of

EA
b = 2N ln 2 inf

γ≥0

1 + γ

a2b2γ − b2γ + 1
.

Note that if a2 ≤ 1 + 1
b2

, the minimum is achieved when γ = 0 and the minimum

is given by EA
b = 2N ln 2 which is the minimum energy–per–bit of the direct channel.

Therefore, if a is not large enough, the relay will not be used.

On the other hand, if a2 > 1 + 1
b2

, the energy–per–bit expression is decreasing in

γ. Therefore, to find the minimum energy–per–bit, we should find the largest value

of γ that satisfies the problem’s two other constraints, i.e., 0 ≤ α, ρ ≤ 1. It can be

shown that ρ is an increasing function of γ. Therefore, the value of γ that sets ρ = 1

will be the optimal if the associated α satisfies the condition. Employing these facts,

we obtain that

γopt =
1

b2(a4 − a2 + 1)
,

and the associated value of α is

αopt = 1− a2

a4 − a2 + 1
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which is between 0 and 1, therefore, we obtain that

EA
b = 2N ln 2

(a4 − a2 + 1)b2 + 1

a4b2
,

if a2 > 1 + 1
b2

. Noting that

(a4 − a2 + 1)b2 + 1

a4b2
> 1

if and only if a2 ≤ 1 + 1
b2

, completes the proof of the theorem.

5.4 Bounds on the Minimum Energy–per–Bit of

the FD–AWGN Relay Channel Model–B

To find upper and lower bounds on the minimum energy–per–bit of the FD–AWGN

relay channel model, we use the result of Theorem 5.2 and bounds on capacity of

this channel model. Using the cutset upper bound on the capacity of the FD–AWGN

relay channel model–B, we find a lower bound on minimum energy–per–bit of this

channel. Moreover, we find an upper bound on minimum energy–per–bit by using

the block Markov lower bound on the capacity of this channel model.

Theorem 5.5. The minimum energy–per–bit required for reliable transmission over

the FD–AWGN relay channel is bounded by,

min

{
a2 + b2

b2(1 + a2)
, 1

}
≤ EB

b

2N ln 2
≤

 a2+b2−1
a2b2

, if a, b > 1

1, otherwise.
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Proof. To prove the lower bound we use the following upper bound on capacity

CB(P, γP ) ≤


C
(
P
N

)
+ C

(
γb2P
N

)
, if a2

γb2( PN+1)
≥ 1

C
(

(1+a2)P
N

)
, otherwise,

and the relationship of Theorem 5.2. Substituting this upper bound and taking limits

as P → 0, we obtain the expression

EB
b ≥ 2N ln 2×min

{
min
γ≥a2

b2

1 + γ

1 + a2
, min
0≤γ≤a2

b2

1 + γ

1 + γb2

}
.

To complete the derivation of the lower bound, we analytically perform the min-

imization. The first expression under the min is equal to a2+b2

b2(1+a2)
. The minimum of

the second expression is equal to 1 if b < 1 and is equal to a2+b2

b2(1+a2)
otherwise. Since

a2+b2

b2(1+a2)
> 1 if b < 1, we can conclude the lower bound on minimum energy–per–bit

is min
{

1, a2+b2

b2(1+a2)

}
.

Now we turn our attention to the upper bounds on minimum energy–per–bit. If

the relay is not used, the strict upper bound 2N ln 2 can be established. However,

using the following lower bound on capacity

CB(P, γP ) ≥


C
(
P
N

)
+ C

(
γb2P
N

)
, if a2

1+γb2( PN+1)
≥ 1

C
(

max{1,a2}P
N

)
, otherwise,

we can obtain a better bound for a > 1. First note that for a ≤ 1, the block Markov

scheme does not achieve any rate higher than C
(
P
N

)
and therefore, the upper bound

on minimum energy–per–bit using the block Markov encoding scheme will be 2N ln 2.
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For a > 1, Using the Theorem 5.2 and taking the limit as P → 0, we obtain

EB
b ≤ 2N ln 2×min

{
min

γ≥a2−1

b2

1 + γ

a2
, min
0≤γ<a2−1

b2

1 + γ

1 + b2

}
.

To evaluate this bound we use the same approach we used to evaluate the lower

bound. The first term under the min is minimized for γ = (a2 − 1)/b2 and its

minimum is equal to a2+b2−1
a2b2

. The second term is minimized by γ = 0 if b < 1 and

by γ = (a2 − 1)/b2 otherwise, and its minimum is given by a2+b2−1
a2b2

. Since for a > 1,

b < 1 the minimum of the second term is larger than 1, i.e., a2+b2−1
a2b2

> 1, we can

conclude that the minimum for a < 1 or b < 1 is 1. This completes the proof of the

theorem.

Note that for b < 1, the lower bound on the minimum energy–per–bit is tight

and hence the minimum energy–per–bit in this case is given by 2N ln 2 which is the

same minimum energy–per–bit without using the relay. In Figure 5.3, we plot the

ratio of the upper bound on the minimum energy–per–bit to the lower bound given

in Theorem 5.2 for the FD–AWGN relay channel.

Note that the ratio is very close to 1 when a is very small or very large or b is

very close to 1. It is also easy to verify that the ratio is always less than 2, which

is approached when a = 1 and b → ∞, i.e., when the relay and receiver are at the

same distance from the transmitter and the relay is very close to the receiver. This

is counterintuitive, since when a = 1 and b is very large, the relay path is almost as

good as the direct path, and thus one expects that using the relay path can reduce the

energy–per–bit. However, minimum energy–per–bit using the result of Theorem 5.2

is 2N ln 2 which shows no improvement compared to the minimum energy–per–bit for

the direct link without the relay.

Using the linear relaying and the side–information encoding scheme, the ratio of

the upper bound to lower bound on minimum energy–per–bit can be improved. The
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Figure 5.3: Ratio of the upper bound to the lower bound of Theorem 5.5 for the
FD–AWGN relay channel model–B.

block Markov encoding scheme ignores the relay node for values of a ≤ 1 and is not

effective for small values of a. The side–information and linear relaying can improve

the lower bound on capacity of this channel model and hence they improve the upper

bound on minimum energy–per–bit.

Using the linear relaying scheme, the maximum ratio between the upper bound to

the lower bound on minimum energy–per–bit can be reduced to 1.87. Using the side–

information encoding scheme, the maximum ratio can be reduced to 1.45. The ratio

of the best upper bound to the lower bound of Theorem 5.5 is shown in Figure 5.4.

Note that as b → ∞, the lower bound becomes tight and establishes the minimum

energy–per bit of 2N ln 2
1+a2 . On the other hand if b < 1, the minimum energy–per–bit is

given by 2N ln 2.
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Figure 5.4: Ratio of the best upper bound to the lower bound of Theorem 5.5 for the
FD–AWGN relay channel model–B.

5.5 Summary

To summarize, this chapter deals with the problem of minimum energy–per–bit com-

munication over the AWGN relay channels. First we established a general relationship

between the capacity of an AWGN relay channel with power constraints and the min-

imum energy–per–bit for reliable communication over the relay channel. Then we

used this general relationship to establish upper and lower bounds on the minimum

energy–per–bit of different AWGN relay channels.

First, using the cutset upper bound on the capacity of the general AWGN relay

channel, we established a lower bound on the minimum energy–per–bit of this channel

model. Using the block Markov encoding scheme, we established an upper bound on

the minimum energy–per–bit that does not differ from the lower bound by more than

a factor of 2. The maximum ratio will happen when the channel from the sender to
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the relay is as good as the direct channel from the sender to the receiver, i.e., a = 1,

and the gain of the channel from the relay to the receiver approaches infinity. Using

the side–information encoding and the linear relaying, we were able to improve the

minimum energy–per–bit for small values of a. In particular, we showed that using

a sub–optimal linear relaying scheme, the maximum ratio of the best upper bound

to the lower bound on minimum energy–per–bit of the general AWGN relay channel

can be reduced to 1.7.

For the FD–AWGN relay channel model–A, we were able to compute the minimum

energy–per–bit of the channel from the relationship between the minimum energy–

per–bit and the capacity with average power constraints. For the FD–AWGN relay

channel model–B, we established upper and lower bounds using the cutset upper

bound and the block Markov encoding lower bound on capacity that differ by no more

than a factor of 2. Using the side–information encoding and the linear relaying, we

were able to improve the minimum energy–per–bit for small values of a. In particular,

we showed that using the side–information encoding scheme, the maximum ratio of

the best upper bound to the lower bound on minimum energy–per–bit of the FD–

AWGN relay channel model–B can be reduced to 1.45.



Chapter 6

Conclusions

This thesis illustrates the role of relaying in communication networks. We studied

the simplest example of a communication network with three nodes, i.e., the relay

channel where the sole purpose of the relay node is to facilitate the communication

from the sender to the receiver. Some of the fundamental issues of the communication

networks such as competition and cooperation were studied in the context of the relay

channel. In particular, we studied three different additive white Gaussian noise relay

channel models and established upper and lower bounds on the capacity of these

channels subject to average power constraints and minimum energy–per–bit. We

evaluated the cutset upper bound and the block Markov lower bound, the generalized

block Markov lower bound, the side–information lower bound and the linear relaying

lower bound for the general AWGN relay channel and the FD–AWGN relay channel

model–B. We were able to find the capacity with linear relaying for the FD–AWGN

relay channel model–B. Moreover, we were able to establish the capacity of the FD–

AWGN relay channel model–A with the average power constraints by showing that

the generalized block Markov lower bound matches the cutset upper bound for this

channel. Using this result, we also evaluated the minimum energy–per–bit for this

relay channel model. Moreover, using the other lower bounds on the capacity with
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average power constraints, we were able to find upper and lower bounds on minimum

energy–per–bit that differ by no more than a factor of 1.7 for the general AWGN

relay channel model and 1.45 for the FD–AWGN relay channel model–B.



Appendix A

On Sub-optimality of the Cutset

Upper Bound

The capacity of relay channel in all the special cases the capacity is established is

given by the cutset upper bound given by

C ≤ max
p(x,x1)

min{I(X,X1;Y ), I(X;Y1, Y |X1)}.

In this appendix, we provide some justifications why we believe in general this upper

bound is not tight in all the cases. Consider the cutset upper bound and the Max-

flow Min-cut interpretation depicted in Figure A.1. The maximum rate of information

cannot possibly be larger than the rate of cooperative transmission from the sender

and the relay to the receiver, and also cannot be larger than the total rate transmitted

by the sender and cooperatively decoded by the relay and the receiver. This view of

the relay channel divides the channel to a multiple-access and a broadcast channel and

limits the capacity of the channel by the maximum capacity of these two channels.

First consider the multi-access bound I(X,X1;Y ). To achieve this upper bound,

the transmitter and the relay should fully cooperate to transmit information to the
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Figure A.1: Max-flow Min-cut interpretation of the cutset upper bound.

receiver. In other words, the transmitter at any time instance should know the symbol

that will be transmitted by the relay in order to be able to fully cooperate. Moreover,

the relay should recover a reliable part of the received sequence that is also predictable

at the sender.

Next consider the broadcast bound I(X;Y1, Y |X1). To achieve this upper bound,

the relay and the receiver should cooperate together to decode the transmitted mes-

sage. In other words, to achieve this upper bound, the relay should send a copy of

its received sequence to the receiver so that the receiver can decode the message by

looking at both receptions at the relay and the receiver.

These two tasks, i.e., cooperating with the sender in sending information that pre-

viously is sent by the transmitter and transmitting about the received sequence at the

relay, are contradictory in nature and cannot be simultaneously fulfilled, constituting

the basis of our belief on sub optimality of the cutset bound in general. However, any

attempt to prove a tighter upper bound or even providing a single counter-example

proving that the capacity of the relay channel in general is smaller than the cutset

upper bound has failed so far.

The following set of inequalities is an unsuccessful attempt in establishing a new

converse expression for the general discrete memoryless relay channel. Although it

fails to establish a new single letter upper bound for the relay channel, it suggests some

avenues for improving the cutset upper bound. It is possible to establish some upper
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bounds using these methods possibly using some auxiliary random variables. Extra

care should be given to employing auxiliary random variables as they should have the

right distribution structure. Moreover, it should be proved that maximization over

the final joint probability distribution yields tighter upper bounds than the cutset

upper bound.

First we try to tighten the multi-access side of the bound. We start with the same

approach that has been used to establish the multi-access bound in the cutset upper

bound. Consider,

nR = H(W )

≤ I(W ;Y n) + nεn

=
n∑
i=1

I(W ;Yi|Y i−1) + nεn

=
n∑
i=1

(H(Yi|Y i−1)−H(Yi|W,Y i−1)) + nεn

(a)

≤
n∑
i=1

(H(Yi)−H(Yi|W,Y i−1)) + nεn

=
n∑
i=1

(H(Yi)−H(Yi|Xi, X1i) +H(Yi|Xi, X1i) +H(Yi|W,Y i−1)) + nεn

(b)
=

n∑
i=1

(H(Yi)−H(Yi|Xi, X1i) +H(Yi|Xi, X1i,W, Y
i−1) +H(Yi|W,Y i−1)) + nεn

(c)
=

n∑
i=1

(H(Yi)−H(Yi|Xi, X1i) +H(Yi|X1i,W, Y
i−1) +H(Yi|W,Y i−1)) + nεn

=
n∑
i=1

(I(Xi, X1i;Yi)− I(X1i;Yi|W,Y i−1)) + nεn

(d)

≤ nI(X,X1;Y )−
n∑
i=1

I(X1i;Yi|W,Y i−1) + nεn,
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where (a) follows from the fact that conditioning reduces the entropy, (b) follows

from the fact that (W,Y i−1) → (Xi, X1i) → Yi form a Markov chain, (c) follows from

the fact that the message W identifies the whole sequence Xn, and (d) follows from

a standard time-sharing argument. The first term is the multi-access upper bound

and the second term is not necessarily zero. However, to find a positive single letter

expression, one has to use auxiliary random variables and find a single letter upper

bound for the second term expression.

Next consider the broadcast side of the bound. Again to find a tighter upper

bound, we consider,

nR = H(W )

≤ I(W ;Y n) + nεn

≤ I(W ;Y n
1 , Y

n) + nεn

=
n∑
i=1

I(W ;Y1i, Yi|Y i−1
1 , Y i−1) + nεn

=
n∑
i=1

(H(Yi, Y1i|Y i−1
1 , Y i−1)−H(Yi, Y1i|W,Y i−1

1 , Y i−1)) + nεn

(a)
=

n∑
i=1

(H(Yi, Y1i|Y i−1
1 , Y i−1, X1i)−H(Yi, Y1i|W,Y i−1

1 , Y i−1, Xi, X1i)) + nεn

(b)
=

n∑
i=1

(H(Y1i, Yi|X1i)−H(Yi, Y1i|Xi, X1i)

+H(Yi, Y1i|Y i−1
1 , Y i−1, X1i)−H(Y1i, Yi|X1i)) + nεn

=
n∑
i=1

(I(Xi;Y1i, Yi|X1i)− I(Y1i, Yi;Y
i−1
1 , Y i−1|X1i)) + nεn

(c)

≤ nI(X;Y1, Y |X1)−
n∑
i=1

I(Y1i, Yi;Y
i−1
1 , Y i−1|X1i) + nεn,

where (a) follows from the fact that X1i is a function of Y i−1
1 , (b) follows from the
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fact that (W,Y i−1
1 , Y i−1) → (Xi, X1i) → (Yi, Y1i) form a Markov chain, and (c) follows

from a standard time-sharing argument. Again, the first term is the broadcast bound

and the second term is not necessarily zero.

Using the above sequence of inequalities, with smart choice of the auxiliary random

variables, one might be able to prove tighter single-letter upper bounds than the

cutset upper bound. It is imperative to note that the new upper bound, no matter

how complicated it is, should simplify to the cutset upper bound in all the cases where

the capacity is known to be given by the cutset upper bound.
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